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Abstract
Modelling the primordial universe with quantum spacetimes

Jaime DE CABO MARTÍN

The understanding of the origins and evolution of the Universe is the fundamen-
tal goal of cosmology. The available mathematical description breaks down at the
very beginning of the evolution - the big-bang singularity, which is a long-standing
issue of the classical cosmology, hindering the comprehension of the nature of the
Universe at its earliest stage.

This doctoral thesis investigates a simple cosmological model of Friedmann-
Lemaitre-Robertson-Walker universe, filled with a perfect fluid, and furnished with
primordial inhomogeneous scalar perturbations. The quantization of the background
spacetime by means of covariant quantization methods is our proposal for a novel
approach to studying the early universe. Our research shows that this model re-
solves the initial singularity by replacing it by the so-called big-bounce, a propitious
alternative to the current paradigm based on inflation.

The quantum effects in the dynamics of the perturbations can lead to nonequiv-
alent evolutions. We observe that an ambiguity arises due to the quantization of the
background space-time, leading to physically inequivalent evolutions at the quan-
tum level despite being equivalent classically. This results in ambiguous predictions
for the amplitude power spectrum of primordial perturbations. This result of our
research raises new questions and challenges for the development of quantum cos-
mology. In addition, we study the physical predictions that follow from the final
quantum state of perturbations amplified by the big bounce and constrain our model
with observational results. Our research shows that the final quantum state of per-
turbations contains a lot of information about the early universe, which can be used
to further refine the model and to make more detailed predictions.

Finally, we investigate the homogeneous but anisotropic quantum mixmaster
universe. First, we quantize the model and apply to it a semi-quantum approxi-
mation. Then we examine the possibility for the existence of a sufficient amount of
inflationary dynamics in the semi-quantum model. We show that this model can
undergo only limited amount of inflation and thus does not include a robust infla-
tionary mechanism for generating the primordial structure. Our findings provide
new insights into the behaviour of anisotropic cosmologies in the quantum regime.

Overall, this doctoral thesis describes a comprehensive investigation into the
quantum dynamics of the early universe and its evolution, expanding our viewpoint
on the fundamental nature of the Universe.
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Streszczenie
Modelling the primordial universe with quantum spacetimes

Jaime DE CABO MARTÍN

Zrozumienie pochodzenia i ewolucji Wszechświata jest podstawowym celem kos-
mologii. Dostępny matematyczny opis ewolucji załamuje się w samym jej początku
- osobliwości wielkiego wybuchu, stanowiącej odwieczny problem klasycznej kos-
mologii, utrudniający zrozumienie natury Wszechświata w jego najwcześniejszym
stadium.

W tej pracy doktorskiej badany jest prosty model kosmologiczny wszechświata
Friedmanna-Lemaitre’a-Robertsona-Walkera, wypełnionego płynem doskonałym i
rozszerzonego o pierwotne niejednorodne zaburzenia skalarne. Kwantyzacja cza-
soprzestrzeni tła przy użyciu uogólnionych kowariantnych metod kwantyzacji to
nasza propozycja nowego podejścia do badania wczesnego wszechświata. Nasze
badania pokazują, że ten model jest w stanie rozwiązać początkową osobliwość
przez zastąpienie jej tzw. wielkiem odbiciem, obiecującej alternatywy dla obecnego
paradygmatu opartego na teorii inflacji.

Efekty kwantowe w dynamice zaburzeń mogą prowadzić do ich
nierównoważnych ewolucji. Dokonujemy obserwacji, że ta niejednoznaczność
wynika z tego, że tło kosmologiczne jest skwantowane, co prowadzi do fizycznie
nierównoważnych ewolucji na poziomie kwantowym, mimo, że klasycznie były
równoważne. Skutkuje to niejednoznacznością przewidywań na spektrum mocy
amplitudy pierwotnych zaburzeń. Ten wynik badań stawia nowe pytania i wyzwa-
nia dla rozwoju kwantowej kosmologii. Ponadto, badamy przewidywania fizyczne
jakich dostarcza stan końcowy zaburzeń wzmocnionych przez wielkie odbicie i
ograniczamy nasz model dzięki obserwacjom. Nasze badania pokazują, że końcowy
stan kwantowy zaburzeń zawiera wiele informacji o wczesnym wszechświecie,
które można wykorzystać do dalszego udoskonalenia modelu wielkiego odbicia i
do jeszcze dokładniejszych przewidywań.

Co więcej, badamy jednorodny, anizotropowy kwantowy model wszechświata
mixmaster. Najpierw kwantujemy model i wprowadzamy semi-kwantowe przy-
bliżenie. Potem badamy możliwość zajścia wystarczającej ilości samoistnej inflacji
na poziomie semi-kwantowym. Pokazujemy, że ten model zawiera ograniczoną
ilość inflacyjnej dynamiki i nie zawiera inflacyjnego mechanizmu generacji pierwot-
nych struktur. Nasze wyniki dostarczają nowych spostrzeżeń na temat zachowania
kosmologii anizotropowych w kwantowym reżimie.

Podsumowując, ta rozprawa doktorska opisuje wszechstronne badanie kwan-
towej dynamiki wczesnego wszechświata i jego ewolucji, poszerzające naszą per-
spektywę na fundamentalną naturę Wszechświata.

HTTP://WWW.NCBJ.GOV.PL
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1
Motivation to study quantum
models of the early universe

Unravelling the mysteries of the cosmos is one of the oldest scientific objectives.
At least five thousand years ago, in ancient Egypt, human beings already looked
up to the sky, trying to find answers to the deepest questions about the cosmos.
Throughout history, many civilizations attempted to address issues of cosmology
such as the birth, evolution and ultimate fate of the Universe, as well as inquired
about its size or their place in it. Modern physical cosmology, as it is now under-
stood, began in the first decades of the twentieth century, with the development of
Albert Einstein’s general theory of relativity [1–5], and was consolidated by major
observational discoveries, such as the ones made by Hubble [6] and Vesto Slipher [7]
among others. Due to its success in explaining the observations, General Relativity
is nowadays the most widely accepted theory of gravity, and constitutes the basis
of the Standard Cosmological Model. In addition, in the beginning of the twentieth
century, another theory made its appearance as well: quantum mechanics. The lat-
ter, by assuming the discreteness of the nature, has also been extremely successful in
explaining different observations and predicting new effects on the smallest scales,
that where later verified experimentally. Nevertheless, the ambitious scientific goal
of combining quantum theory and General Relativity into a compatible quantum-
gravitational description is still an uncompleted work. Such a description should be
able of explaining with success both the physics of the largest cosmological scales
and the smallest ones where quantum fluctuations control the gravitational interac-
tion. In order to find such a theory, the focus should be put on systems where both
gravitational and quantum effects have a significant role and intertwine. Cosmol-
ogy provides a valuable experimental test and verification of quantum-gravitational
theories. Such theories may potentially describe the earliest moments of the history
of the Universe and explain the origin of the primordial structure in the universe.
Therefore, the early universe is one of the most relevant research areas to focus on.
In addition, quantum cosmological theories generally supposes a technically more
manageable framework than quantum gravity, since they usually consider space-
times with a reduced number of degrees of freedom . The results found for these
often soluble cosmological systems can be next generalised to more complex sys-
tems.

It is widely accepted that the primordial universe can be described as a patch of
flat, isotropic and homogeneous space equipped with small Gaussian and adiabatic
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density perturbations with a nearly scale-invariant amplitude spectrum. These den-
sity perturbations provided the seeds for the later formation of the cosmic structures
we observe today (such as galaxies, galaxy clusters and super-clusters, galaxy fila-
ments, walls, voids, etc). This is in accordance with the present observational data
on CMB anisotropies [8], which also indicates that the Universe emerged from an
initial state where the spacetime was extremely curve and the matter fields were ex-
tremely dense. This is known as the cosmological (or big-bang) singularity. Accord-
ing to the celebrated Hawking-Penrose theorems [9], the appearance of singularities
is a generic feature of general relativity. However, they are commonly conceived
as a breakdown of the underlying theory, since the spacetime geodesics become in-
complete, indicating that our theory should be replaced by a more fundamental and
complete one. A natural candidate is a quantum cosmological theory of the primor-
dial universe.

Currently, the most popular modelling of the origin of cosmic structure is based
on inflation [10]. The theory of inflation introduces effects of quantum gravity as
it involves quantisation of the gravitational field perturbations around a classical
homogeneous and isotropic cosmological background. Despite its widely acknowl-
edged success, inflation has some well-known drawbacks, among which two we
highlight as inherent: (1) it postulates the existence of an unknown scalar particle,
the inflaton, in a fine-tuned potential, what might be difficult to implement at high
energy physics; (2) inflation does not address the issue of initial singularity, i.e., the
inflationary spacetime is geodesic past-incomplete. Alternative theories based on
quantum cosmology replace the big-bang scenario by a quantum bounce that starts
the cosmological expansion and is preceded by cosmological contraction. They in-
volve even more elements of quantum gravity, making it possible to obtain a more
complete description of the primordial universe. However, it should be noted that
these models come not only with new technical but also unsolved conceptual prob-
lems. As an example of the latter, there is the problem of interpretation of quantum
dynamics of gravitational systems (the so-called problem of time [11]), although it is
not a concern of the work presented here.

In the realm of quantum cosmology, several approaches have been developed
to propose a non-singular quantum model of the universe. One of the first that in-
corporates the principles of quantum mechanics and general relativity to propose
a wave function describing the entire universe is the Hartle-Hawking model [12].
Another intriguing approach is Bohmian cosmology, inspired by the pilot-wave in-
terpretation of quantum mechanics [13, 14]. More recently, Loop Quantum Cos-
mology (LQC) has emerged as a compelling framework that merges concepts from
loop quantum gravity and cosmology providing a viable description of the early
universe and addressing the singularity problem [15, 16]. These diverse approaches
offer valuable insights into the nature of quantum cosmology and contribute to our
ongoing quest for a comprehensive understanding of the origins of the universe’s
structure.

In order to obtain a more complete description, it would be desirable to con-
struct the most thorough theory of the primordial universe possible. Hence, any
restrictive a priori assumption on the primordial matter or the primordial sym-
metries should be avoided as much as possible. In particular, the last assump-
tion can be relaxed by removing isotropy of the background and employing more
generic spatially homogeneous models, such as the Bianchi types. The introduction
of anisotropy could give rise to new effects and leave imprints in the evolution of
the primordial universe, specially, if there exists interplay between anisotropy and
the quantum bounce. In fact, there exist observational data that suggest some kind
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of anomalies at large angular scales that might require this kind of anisotropic ex-
tension to the standard theories [17]. Therefore, the results of such theories could be,
to some degree, confronted with observations.

This thesis explores possible quantum cosmology models of the origin of primor-
dial structure. We show how the introduction of a quantum state for the background
spacetime resolves the singularity with a quantum bounce. Generalized coherent
states are proposed as novel useful tools for the investigation. They allow to intro-
duce more general quantization methods, in which the possible ambiguities can be
parametrized, and present a semi-classical (or semi-quantum) approximation for the
cosmological background. We carefully analyse the consequences that the ambigui-
ties arising from the quantum nature of the cosmological background can produce,
and investigate whether they can lead to non-equivalent physical predictions. In
this context, we intend to emphasize how important the choice of the relevant vari-
able for the perturbations to be quantized actually is. We examine how the quantum
bounce amplifies the perturbations and derive the power spectrum for the primor-
dial structure it can generate, in comparison to the inflationary scenario. Finally, we
include anisotropic oscillations to the quantum homogeneous background space-
time in order to inspect if the interplay between the bounce, contracting phase and
anisotropy is able to generate a universe that reproduces an inflationary dynamics,
that is, undergoing sufficiently long accelerated expansion.

The thesis consist of 7 chapters, the first one being the present chapter 1:
Chapter 2 establishes the framework for the research results shown in the next

chapters, and introduces the three main theoretical concepts: canonical Hamilto-
nian formalism of cosmological models, with application to (1) the isotropic FLRW
cosmological model filled with perfect fluid, and its expansion to include scalar per-
turbations, and (2) models with anisotropic background, focusing on the Bianchi IX
universe; (3) the use of generalized coherent states for phase space covariant quan-
tization methods and semiclassical description of quantum systems.

Chapter 3 focuses on the derivation of the semi-quantum bouncing model for clas-
sically equivalent isotropic cosmological models with scalar perturbations. Special
attention is payed to the ambiguities that arise from the quantization process.

Chapter 4 consists in the derivation of the power spectrum of scalar perturba-
tions for the semi-quantum models. That includes further investigation of the am-
biguity and identification of the relevant quantum parameters producing different
predictions.

Chapter 5 describes the study of the final quantum state of the perturbations and
physical predictions of the models. Observational data is used to constrain some
parameters of the bouncing solutions.

Chapter 6 introduces the semi-quantum analysis of the dynamics of the anisotropic
and homogeneous quantum mixmaster universe. The obtained solutions are exam-
ined with regard to the existence of inflationary dynamics.

Chapter 7 summarises the presented results and includes a discussion about fu-
ture research direction.

This thesis is based on the following articles:

• Chapter 3: Jaime d. C. Martin, Przemysław Małkiewicz and Patrick Peter.
Unitarily inequivalent quantum cosmological bouncing models Phys. Rev. D 105,
023522 (2022).



4 Chapter 1. Motivation to study quantum models of the early universe

• Chapter 4: Jaime d. C. Martin, Przemysław Małkiewicz and Patrick Peter. Am-
biguous power spectrum in a quantum bounce [arXiv:2212.12484] (2023).

• Chapter 5: Jaime d. C. Martin and Przemysław Małkiewicz. Physical predic-
tions and final quantum state of perturbations in quantum bouncing cosmology [In
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5

2
Theoretical Framework

2.1 Hamiltonian formalism for General Relativity

In this section we introduce the Hamiltonian formulation of General Relativity. We
recall the basic elements of the ADM [18] canonical formalism for General Relativity.
We first apply the formalism to a Friedmann-Lemaître-Robertson-Walker universe
filled with a perfect fluid. For the latter the canonical formalism for relativistic per-
fect fluids by B. Schutz is used. Afterwards, scalar gravity and matter perturbations
are introduced to the model, omitting the vector and tensor perturbations since they
undergo independent dynamics. Our presentation of the framework largely follows
Ref. [19]. In the next section, the same Hamiltonian formalism is applied to the
anisotropic Bianchi IX universe.

The ADM formalism is introduced by writing the following spacetime line ele-
ment:

ds2 “ ´N2dt2 ` qabpdxa ` Nadtqpdxb ` Nbdtq (2.1)

where a, b “ 1, 2, 3 are spatial coordinate indices, N and Na denote, respectively, the
lapse and shift functions, and qab is an induced three-metric on the three-dimensional
spacelike hypersurface with toroidal topology, Σ “ T3. In canonical relativity, the
spacetime manifold is assumed to admit a foliation M “ Σ ˆ R where R is a time
manifold.

The Hamiltonian of General Relativity is obtained by applying variational princi-
ple [18] to the Einstein-Hilbert Action in the ADM variables (Σ is assumed compact,
hence there is not boundary terms)

Sg “
1

2κ

ż

M
R
a

´gd4x “
1

2κ

ż

R

ż

Σ
p3R ´ K2 ` Kb

aKa
bqN

?
qd3xdt, (2.2)

where gab is the spacetime metric, R is the Ricci scalar curvature of the spacetime,
3R the one of the three-geometries, Kab “ p 9qab ´ DaNb ´ DbNaq{2N is the extrinsic
curvature tensor and κ “ 8πGN . The Hamiltonian is a sum of first-class constraints

Cg “

ż

Σ
pNCg ` NaCg,aqd3x (2.3)

with N and Na playing the role of Lagrange multipliers. The gravitational parts
of the four constraints can be written in terms of the ADM phase space variables
pqab, πab “

?qpKab ´ Kqabqq as



6 Chapter 2. Theoretical Framework

Cg “

?q
2κ

´

´3R ` q´1pπb
aπa

b ´ π2{2q

¯

, Cb
g “ ´

1
κ

Dapπabq (2.4)

where Da is the spatial covariant derivative.

2.1.1 Relativistic perfect fluid

Regarding the matter part, the phase space can be extended in order to include per-
fect fluids, each one satisfying a barotropic equation of state p “ wρ. Schutz was the
first to introduce a formalism consisting in a velocity-potential approach to the vari-
ational formulation of relativistic perfect fluids [20, 21]. In order to include perfect
fluids into a cosmological spacetime, let us introduce some basic thermodynamical
quantities: p - pressure, ρ - energy density, n - number density of fluid’s particles,
T - temperature, µ “ pρ ` pq{n - enthalpy per fluid’s particle, and S - entropy per
fluid’s particle (s - specific entropy). In terms of these quantities we can express the
first law of thermodynamics as:

dp “ ndµ ´ nTdS. (2.5)

In the Schutz formalism, the fluid four-velocity is written in terms of six different
scalar potentials:

Uν “ µ´1pϕ,ν `αβ,ν `θs,ν q. (2.6)

We assume the entropy of the perfect fluid to be constant in time and homogeneous
across the space. Therefore, last term of the above expression vanishes. We assume
a non-rotational perfect fluid, then α “ β “ 0, and we can write the four velocity of
the fluid as a function of two scalar fields (ϕ defining its flow and the entropy µ) and
the four-metric:

Uν “ µ´1ϕ,ν (2.7)

with normalization UνUν “ ´1. The Schutz action for perfect fluids reads:

S f “

ż

M

?
gppw, ϕqd4x (2.8)

In the canonical analysis, the variation of this action with respect to the time deriva-
tive of the scalar field gives the fluid conjugate momentum pϕ “ ´N?qnU0, where
we used (2.7) (2.5) and n “ Bp{Bµ|S. In terms of the phase space variables, the fluid
Hamiltonian reads:

C f “

ż

Σ
p 9ϕpϕ ´ N

?
qppw, ϕqq (2.9)

From this Hamiltonian, one sees that we are interested in 9ϕ and the pressure p. For
the equation of state p “ wρ, the dimensionless parameter w, called the barotropic
index, is a constant defined in the range ´1{3 ă w ă 1, where, for instance : w “ 0
represents non-relativistic dust, w “ 1{3 radiation, and w “ 1 stiff matter. That
equation of state can be shown [22] to be equivalent to

ppµq “ Kµ
w`1

w , (2.10)
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where K is an arbitrary constant. We assume the above equation for the pressure.
This specifies the following expression for the time derivative of the scalar field:

9ϕ “ N
pϕ

?qK w`1
w µ

w`1
w ´2

` Naϕ,a . (2.11)

The expression of the specific enthalpy µ in terms of the canonical variables can be
determined by means of the normalization condition for Uµ:

µ2 “

˜

pϕ

?qK w`1
w µ

w`1
w ´2

¸2

´ qabϕ,a ϕ,b . (2.12)

Thus, the fluid Hamiltonian is found to read:

C f “

ż

Σ
pNC f ` NaC f ,a qd3x, (2.13)

where the constraints read:

C f “
ppϕq2

?qK w`1
w µ

w`1
w ´2

´
?

qKµ
w`1

w , C f ,a “ pϕϕ,a . (2.14)

Finally, the total gravity and fluid Hamiltonian reads:

C “ Cg ` C f “

ż

Σ

`

NpCg ` C f q ` NapCg,a `C f ,a q
˘

d3x. (2.15)

This total constraint is expanded to second order in perturbations around a flat
FLRW model in the next section.

2.1.2 The FLRW universe

In the case of homogeneous and isotropic Friedmann-Lemaître-Robertson-Walker
flat metric

ds2 “ ´N2dτ2 ` a2pτqδabdxadxb (2.16)

the induced three-metric is qab “ a2δab, the shift functions Na vanish in the comov-
ing coordinates, and the three constraints Cg,a vanish along with 3R on the flat and
homogeneous spatial slices.We define the canonical background variables as1:

a2 “
1
3

ż

Σ
qabδabd3x, pa “

ż

Σ
πabδabd3x, ϕ̄ “

ż

Σ
ϕd3x, p̄ϕ “

ż

Σ
pϕd3x (2.17)

where we assumed the coordinate volume of the compact spatial slice T3 to
be V0 “

ş

Σ d3x “ 1. Then, in these variables the gravitational constraint (2.4) (later
called the zeroth order Hamiltonian Hp0q

g ) for the FLRW universe reads:

Cg “ ´
κ0N
12a

p2
a, (2.18)

1These variables are considered the zeroth-order variables in the later perturbative expansion.
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where κ0 “ κ{V0. For convenience, let us redefine the canonically conjugate back-
ground variables to

q̃ “ γa
3p1´wq

2 , p̃ “

a

6p1 ` wq

2κ0
a

3p1`wq

2 H, tq̄, p̄u “ 1, (2.19)

where γ “ 4
?

6
L `

3p1 ´ wq
?

1 ` w
˘

, and pa “ 6a2H{κ0 with H “ 9a{pNaq the Hubble
rate [23]. With the suitable choice of the lapse function, N “ p1 ` wqa3w, the gravity
Hamiltonian can be written in terms of the new variables as:

Cg “ ´2κ0 p̃2. (2.20)

Since the canonical background variable ϕ̄ is assumed to be homogeneous2, for
the background fluid Hamiltonian (2.14) we obtain the following expression:

C f “ N
a3K
w

˜

|p̄ϕ|

K w`1
w a3

¸w`1

. (2.21)

Making the aforementioned choice of lapse function and conveniently setting the
arbitrary constant K “ w{pw ` 1q, we can write the fluid Hamiltonian as:

C f “ |p̄ϕ|w`1. (2.22)

At the same time, we can also perform a canonical transformation of the fluid vari-
ables:

pϕ̄, p̄ϕq ÞÑ pT, pTq :“
ˆ

1
w ` 1

pp̄ϕq
1
w ϕ̄, pp̄ϕqw`1

˙

,
!

T, pT
)

“ 1, (2.23)

In these new variables the fluid constraint equals the fluid momentum:

C f “ pT. (2.24)

Choice of internal clock

Therefore, for this particular choice of the lapse, it is really easy to solve the total
background Hamiltonian constraint C “ 0, and obtain

pT “ ´Cg. (2.25)

Since the fluid canonical momentum variable equals the gravitational Hamiltonian,
we can reduce the symplectic form and obtain

ω
ˇ

ˇ

ˇ

C“0
“ dq̃dp̃ ´ dp´Tqdp´Cgq (2.26)

to understand that the gravitational part of the constraint (´Cg) generates the mo-
tion of the variables q̃ and p̃ with respect to the internal time (´T). The motion occurs
in the constraint surface and the Hamiltonian ´Cg is called the physical Hamilto-
nian. It is then a standard procedure [24] to promote the fluid variable to the role of
internal clock while removing it and its conjugate momentum from the phase space.

2ϕ̄ is the zeroth order part of ϕ. The to-be introduced first order perturbation δϕ is the difference
between them. We consider the specific enthalphy µ to be a zeroth-order variable, meaning that the

second term in the right hand side of Eq. (2.12) vanish and we just have µ
w`1

w “

ˆ

|p̄ϕ|

K w`1
w a3

˙w`1
.
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This kind of procedure was first proposed by Kuchar [25]. Note that we conveniently
invert the direction of time with respect to the fluid variable ´T in order to have a
positive physical background Hamiltonian:

C “ ´Cg “ 2κ0 p̃2. (2.27)

From now on, we shall denote the internal clock by ”τ” and assume it coincides with
the FLRW time in (2.16) [26].

Background singular solutions

The background Hamiltonian (2.27) is mathematically equivalent to the one of a free
particle on the half-line. For fluids with parameter range ´1{3 ă w ă 1, the variable
q̃, as defined in (2.19), is proportional to a positive power of the scale factor a. The
big-bang singularity takes place at q̃ “ 0, since it corresponds to the vanishing of
the scale factor. In addition, we assume that the only physically viable universes
are the ones with a ą 0 Ñ q̃ ą 0. Hence, this implies the existence of two separate
branches of solutions: the contraction and the expansion. On the current classical
level, the phase space trajectories of the two branches are straight lines with constant
momentum which are not connected: the ones of the expanding era emerge from
the singularity with p̃ ą 0, while the ones of the contracting era terminate at it with
p̃ ă 0. The classical singular solutions are obtained from the background Hamilton
equations stemming from (2.27):

q̃pτq “
a

8κ0C τ “ pqBωqτ, p̃pτq “

d

C
2κ0

“
qBω

4κ0
, (2.28)

where we set the singularity time at τ Ñ 0, and C is a constant by virtue of its defini-
tion and the Hamilton equation dp̃{dτ “ 0. For later convenience we set the constant
to be C “ pqBωq2{p8κ0q. It can be shown [27] that the background Hamiltonian (2.27)
C “ p1 ` wqE f |a“1 equals p1 ` wq times the energy of the fluid contained in the uni-
verse when a “ 1. Then, in order to assign the correct trajectory to the background
universe, one need to know the value of the energy of the fluid in the whole universe
when a “ 1. Such a value can be determined only when one knows the size of the
universe, which can be fixed by demanding that the volume of the observable patch
be a fixed ratio (r´1) of the size of the full universe.

2.1.3 Perturbative expansion - scalar modes

Let us now expand the canonical formalism up to second order in perturbations to
the FLRW universe. We define the canonical perturbation variables as differences
between the ADM and the background variables (2.17):

δqab “ qab ´ a2δab, δπab “ πab ´
1
3

paδab, δϕ “ ϕ ´ ϕ̄, δpϕ “ pϕ ´ p̄ϕ. (2.29)

Then, a2, pa, ϕ̄, and p̄ϕ are zeroth order quantities. The Poisson brackets read
tδqabpxq, δϕa1b1

px1qu “ δa1

paδb1

bq
δ3px ´ x1q,

␣

δϕpxq, δpϕpx1q
(

“ δ3px ´ x1q. Perturbations
of the lapse and the shifts are also introduced: N ÞÑ N ` δN, Na ÞÑ Na ` δNa, thus
now N and Na are zeroth order quantities. The total Hamiltonian (2.15), expanded
up to second order has the following structure:
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H “ Hp0q `

ż

Σ

´

NHp2q ` δNHp1q ` δNaHp1q
a

¯

d3x.3 (2.30)

The second order Hamiltonian generates the dynamics of the first order perturba-
tions. It is not a constraint since, in addition to the constraints Hp1q and Hp1q

a , it
includes a non-vanishing term, NHp2q, where the choice of the lapse function N
was defined below (2.19). For that reason, from now on we shall denote our total
Hamiltonian by H in order to differentiate it from the vanishing (zeroth-order) back-
ground Hamiltonian constraint (C “ Cg ` C f ), that has been reduced to (2.27) and is
now denoted by Hp0q “ 2κ0 p̃2. Observe that the above Hamiltonian lacks first-order
terms in perturbations. The dynamics is determined from the variation of the ac-
tion (2.2)+(2.8), which vanish at first order of the perturbative expansion. This is so
because the mean value of the first order perturbation terms after integration over
the whole space Σ is zero. It is worth noting that in the perturbations’ dynamics the
time problem does not arise since the second order Hamiltonian includes the non-
vanishing term NHp2q, meaning the physical observables are not in general constants
of motion since they are not required to commute with the Hamiltonian.

The canonically conjugate pair of perturbations are Fourier-transformed,

δq̌abp⃗kq “

ż

Σ
δqabp⃗xqe´i⃗x⃗kd3x, δπ̌abp⃗kq “

ż

Σ
δπabp⃗xqe´i⃗x⃗kd3x. (2.31)

Moreover, the metric perturbations are projected into a new basis with six differ-
ent perturbation modes Aab

m , and its dual Am
ab. In this thesis, we are only interested

in scalar perturbations (δq1, δq2, δπ1, δπ2, δϕ, δpϕ), hence, we keep only the scalar
modes (Aab

1 , Aab
2 ), (vector and tensor perturbations are omitted since they undergo

independent dynamics):

δq̌ab “ δq1,2A1,2
ab , δπ̌ab “ δπ1,2 Aab

1,2 , where A1
ab :“ δab, A2

ab :“
kakb

k2 ´
1
3

δab. (2.32)

The projector operators are defined in terms of the orthonormal triad
p⃗k ¨ k´1, v⃗ ¨ k, w⃗ ¨ kq. In the scalar modes only the wavevector k⃗ ¨ k´1 of this new frame
is present. Thus, if we rewrite the diffeomorphism constraint Hp1q

a with respect to
such frame, we only keep the scalar mode Hp1q

k⃗
of it, multiplied by the longitudinal

scalar mode of the shift vector perturbation δN k⃗ “ iδn⃗k. In addition, Hp1q is a fully
scalar constraint. The non-vanishing second order term is split in its scalar, vector
and tensor part since the different modes are decoupled. For us, only the scalar term
Hp2Sq remains.

Once we have only the scalar modes, the next step is to strongly solve the two
scalar constraints by reducing the number of canonical variables and simplifying
the form of the non-vanishing second order scalar Hamiltonian. For this purpose
the Dirac method is used [28]. It starts with extending the set of constraints by the
introduction of gauge-fixing conditions, one for each first-class constraint, in order
to obtain a set of second-class constraints. Then, the so-called Dirac brackets are
introduced. By means of the latter, we get rid of the first order constraints from
the Hamiltonian, and the values of the first order Lagrange multipliers δN and δn,
which are different for each set of gauge-fixing conditions, become irrelevant for the

3Note that although the zeroth-order terms Na and Cg,a vanish, neither of their respective first-

order perturbation terms δNa or Cp1q
g,a do.
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dynamics in the reduced phase space. Therefore, we isolate the true independent
physical degrees of freedom from the kinematical phase space, removing the pure
gauge ones. In this way, we obtain the physical scalar Hamiltonian Hp2Sq in terms
of only two gauge-invariant perturbation variables, called Dirac observables pϕ, πϕq.
The final total Hamiltonian reads:

Hk “ Hp0q ´
ÿ

k

N
ˆ

1
2

a´3w

p1 ` wq
|πϕ,k|2 `

1
2

wp1 ` wqa3w´2k2|ϕk|2
˙

, (2.33)

where the zeroth order Hamiltonian NHp0q is the background Hamiltonian of Eq.
(2.27) with the time inversion accounted, and we replaced the integral by the sum-
mation since the second order Hamiltonian NHp2q

k only depends on the discrete
wave vector k. The second order part of the Hamiltonian (2.33) can be written in
terms of the redefined background variables (2.19), with the same value of the lapse
function we chose for the background zeroth order Hamiltonian, N “ p1 ` wqa3w,
reading:

ÿ

k

Hp2q

k “
ÿ

k

¨

˝

1
2

|πϕ,k|2 `
1
2

wp1 ` wq2
ˆ

q
γ

˙

4p3w´1q

3p1´wq

k2|ϕk|2

˛

‚, (2.34)

From now on, for simplicity, we drop the tilde notation from above pq̃, p̃q Ñ pq, pq.
The total Hamiltonian (2.27)+(2.34) represents the starting point for the next chapter
3, where we quantize the cosmological system and obtain bouncing solutions and
semi-quantum dynamics of the truly physical perturbation degrees of freedom. The
gauge-invariant perturbation variables have different physical interpretation for dif-
ferent gauge-fixing conditions. It is useful to understand their physical meaning in
terms of physical and geometrical quantities. Therefore, we introduce the following
quantities associated with the intrinsic geometry and matter for the scalar modes (in
Fourier space):

δq “ 3a4δq1, δRk “ 2a´4k2pδq1 ´
1
3

δq2q,

δρ “ a´3pw`1q|p̄ϕ|w`1
ˆ

δpϕ

p̄ϕ
´

3δq1

2a2

˙

,
(2.35)

where δRk and δρ are the perturbations of the intrinsic curvature of the three-
geometry and energy density of the fluid respectively, and δq is the metric density
perturbation. In addition, we also keep the perturbation δϕk which has the geomet-
rical interpretation of a quantity determining the part of the fluid flow tangential
to the three-surface. In terms of these quantities the gauge-invariant perturbations
read:

ϕk “
1

V0
?

2κ0

˜

p̄ϕδϕk
a

wpw ` 1qp
`

a´ 3w´3
2

aw
6

a2

4V
2
3

0 k2
δRk

¸

,

πϕ,k “
a

2κ0

˜

a

wpw ` 1q
a3w`3 p
|p̄ϕ|1`w δρ

´
3p1 ´ wqp

2

c

w ` 1
w

a2

4V
2
3

0 k2
δRk ´

c

3
2w

w ` 1
2

a
3w´3

2 p̄ϕδϕk

¸

.

(2.36)
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Let us now define some of the different gauge-invariant curvature perturbation
variables that are widely used in the field of the early universe: The variable R is
a gauge-invariant quantity that corresponds to the (minus) curvature perturbation
on the co-moving hypersurfaces, Rk

ˇ

ˇ

δϕk“0 “ ´ 4a2

k2 δRk. The variable ζ is a gauge-
invariant quantity that corresponds to the curvature perturbation on the uniform-
density hypersurfaces, ζk

ˇ

ˇ

δρ“0 “ 4a2

k2 δRk. And finally the Mukhanov-Sasaki variable

vk “ ´

b

3pw`1q

wκ0
a Rk, which, when divided by the scale factor vk{a, is generally used

to compute the power spectrum of the scalar perturbations, and can then be identi-

fied with the curvature perturbation on the co-moving hypersurfaces, ´

b

3pw`1q

wκ0
Rk

(modulo the constant). In terms of our perturbations ϕk, πϕ,k they read:

Rk “ ´

c

wκ0

3
a

3w´3
2 ϕk.

ζk “

c

κ0

3w
V0pw ` 1q

2
a

3w´3
2 ϕk `

1
a

2wpw ` 1qκ0

1
3p

πϕ,k,

vk “ a
3w´1

2
?

w ` 1 ϕk.

(2.37)

For ϕ " πϕ,k (the initial condition for the expanding Universe) the curvature pertur-

bation variable on the uniform-density hypersurfaces reads: ζ «

b

κ0
3w

V0pw`1q

2 a
3w´3

2 ϕk.

2.2 Anisotropic models

The standard approach to the early universe is based on Friedmann cosmology, that
is, it assumes from the very beginning the approximate isotropy and homogeneity
of the primordial space. However, it is expected that an approximate FLRW uni-
verse, when evolved back in time, at some moment close enough to the big-bang
singularity, losses its space-like symmetries. A theory that assumes a fewer number
of primordial symmetries allows the construction of a more generic cosmological
scenario. A significantly less restrictive model than the standard one exhibits richer
and more complex behaviour on approach to the big-bang singularity.

A more general (and widely acknowledged) solution of general relativity in the
vicinity of cosmological singularity was studied by Belinskii, Khalatnikov and Lif-
shitz (BKL) in [29]. In the BKL scenario, as the dynamics of an inhomogeneous
spacetime approaches singularity, the time derivatives of the gravitational field dom-
inate over all spatial derivatives for relatively long stretches of time. Hence, the
asymptotic dynamics becomes ultralocal and, surprisingly, the evolution of the gen-
eral gravitational field turns out to become almost identical, at each point separately,
with a generic spatially homogeneous model. Therefore, the dynamics of general
spatially homogeneous cosmologies appears crucial for understanding generic sin-
gularities in GR.
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2.2.1 Homogeneous cosmological models

The aforementioned kind of models can admit many different homogeneity groups4.
A manifold Σ is called spatially homogeneous if its three-dimensional subgroup of
symmetries acts simply and transitively on the invariant spatial hypersurfaces that
it generates5. Depending on the Lie algebra of their Killing vectors fields, which
determines the local properties of the symmetry group G, they are classified into
the so-called Bianchi types. These models are very useful for studying the resolu-
tion of classical singularities through a suitable quantization method, and the ensu-
ing quantum dynamics can be described by applying certain approximations. The
Bianchi models admit three independent spatial Killing vectors ξ1, ξ2, ξ3, which gen-
erate the set of isometries of the spatial metric [31]. These Killing vectors satisfy the
Lie algebra rξi, ξ js “ ´Ck

ijξk, where Ck
ij are the structure constants of the homogeneity

group G that satisfy the Jacobi identity.
To construct a basis of vector fields teiu invariant under the group G in our

homogeneous manifold, we only need to give its components with respect to the
Killing vectors. An invariant basis is useful because each spatial metric component
qij “ qpei, ejq is group invariant, meaning it is constant on the homogeneous hy-
persurfaces. In addition, the structure coefficients of the basis ei are also constant on
each homogeneous hypersurface. We define the vector fields by requiring rξi, ejs “ 0.
Combining the latter with the condition that ei be invariant, that is, has zero Lie
derivative with respect to the Killing vectors, we find that rei, ejs “ Ck

ijek. The dual
forms of the invariant basis vector fields are denoted by ωi, where ωipejq “ δi

j. The
curl of the dual forms satisfy the Cartan equation dωk “ 1

2 Ck
ijω

i ^ ω j. Thus, since the
ei are invariant vectors, the spatial metric can be written as ds2 “ qijω

iω j. The vector
fields ei constitute a basis of the tangent frame bundle TΣ of the manifold Σ. The
metric and torsion-free (Levi-Civita) connection on such frame bundle is denoted by
Γi

j, where Γi
j “ Γi

kjω
k. We assume only diagonal metric spatial components in this ba-

sis which, in addition, are only time dependent. Hence, the connection coefficients,
also defined as ∇ei ej “ Γk

ijek for the non-holonomic basis ei, are found to read:

Γk
ij “

1
2

´

Ck
ij ´ Ci

jk ´ Cj
ik

¯

(2.38)

and become antisymmetric in the two lower indices6. Therefore, using the defini-
tions above, we obtain the following expression for the Riemmann curvature:

Ri
jkl : “ 2ωiea

keb
l ∇pa∇bqej “ ωi

´

∇ek

`

ωmpelqΓn
mjen

˘

´ ∇el

`

ωmpekqΓn
mjen

˘

´

ωmp∇ek elqΓn
mjen ` ωmp∇el ekqΓn

mjen

¯

“ Γi
knΓn

lj ´ Γi
lnΓn

kj ´ pΓm
kl ´ Γm

lk qΓi
mj “ Γi

knΓn
lj ´ Γi

lnΓn
kj ´ Cm

kl Γ
i
mj. (2.39)

4The symmetry group of the manifold Σ is the group of isometries, i.e. transformations which
leave the spatial metric of Σ invariant. The set of isometries of Σ has the structure of a group. The
homogeneity group is a three-dimensional subgroup of the latter, which is considered isomorphic to a
Lie Group G.

5A group is simple and transitive if the Killing vectors are linearly independent as vector fields.
There exist another category of spatially homogeneous manifolds [30] where the spatial hypersurfaces
have a transitive but not simple group of isometries, but we do not consider it in this work.

6In this case, the connection coefficients are also called the Ricci rotation coefficients.
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Using Eq. (2.38) and the spatial metric, it is straightforward to derive the expression
for the Ricci scalar in terms of the structure constants:

R “ ´Ci
ikCj

jlq
kl ´

1
2

Ci
jkCj

ikqkl ´
1
4

Ci
jkCi1

j1lqii1 qklqjj1 (2.40)

Following the classification scheme by Ellis and MacCallum [32], we write the struc-
ture constants in the form:

Ci
jk “ ϵjklmli ` 2δi

pkajq (2.41)

to define the symmetric matrix mli and the triplet aj. From now on, we consider ex-
clusively class A models, for which aj “ 0. Then, substituting the structure constants
for the mli gives:

R “
1
2

pmi
iq

2

q
´

mijmij

q
(2.42)

Moreover, it is possible to choose the invariant basis ei to be the one in which the
matrix mij is diagonal mij “ diagpm1, m2, m3q. The only remaining Bianchi models
following these assumptions are types I, II, VI0, VII0, VIII and IX. The domain of
the basis vectors fields are extended onto the whole spacetime, and we assume they
commute with the normal to the spatial hypersurface vector field, e0. The dual to
that normal unitary vector is Ndt, which defines the direction of time. We can also
assume that in this basis the spatial metric is diagonal qij “ diagpq1, q2, q3q, hence the
Ricci scalar reads:

R “
1
2

pmiqiq
2

q1q2q3
´

pmiq2pqiq
2

q1q2q3
(2.43)

“
m1m2

q3
`

m1m3

q2
`

m2m3

q1
´

pm1q2

2
q1

q2q3
´

pm2q2

2
q2

q1q3
´

pm3q2

2
q3

q1q2
.

2.2.2 Hamiltonian formulation of homogeneous models

The models contain a total of six dynamical canonical variables, including the three
qi, each one playing the role of an effective directional scale factor for each one of
the three principal directions, and their respective conjugate three-momentum pi.
In order to work within the framework of homogeneous models in Hamiltonian
formulation, it is much more convenient to switch to a new set of coordinates, called
Misner variables [33]. The Misner parametrization is introduced by the following
canonical transformation:

¨

˝

q1 p1
q2 p2
q3 p3

˛

‚“

¨

˚

˝

1
6

1
12

?
3

12
1
6

1
12 ´

?
3

12
1
6 ´ 1

6 0

˛

‹

‚

¨

˝

pΩ
p`

p´

˛

‚ and

¨

˝

ln q1
ln q2
ln q3

˛

‚“

¨

˝

2 2 2
?

3
2 2 ´2

?
3

2 ´4 0

˛

‚

¨

˝

Ω
β`

β´

˛

‚.

(2.44)
In order to understand the cosmological interpretation of the Misner variables, let us
suppose that we set the elements of the diagonal metric qi “ a2

i , where ai represents
the scale factor for one of the three principal directions (i “ 1, 2, 3). Thus, we have:

Ω “
1
3

ln pa1a2a3q, β` “
1
3

ln
ˆ

a1a2

a3

˙

, β´ “
1

2
?

3
ln
ˆ

a1

a2

˙

(2.45)

In this way, we clearly see that the variable Ω describes the isotropic part of the ge-
ometry, whereas β˘ describe the distortions to isotropy and are called the anisotropic
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variables. In Misner variables, the scalar curvature reads:

R “ e´2Ω
´

m1m2e4β` ` m1m2e´2β``2
?

3β´ ` m2m3e´2β`´2β`´2β
?

3β´

´
pm1q2

2
e4β``4

?
3β´ ´

pm2q2

2
e4β`´4

?
3β´ ´

pm3q2

2
e´8β`

¯

, (2.46)

and, regarding the space-time metric, the total line element now reads:

ds2 “ ´N2dt2 ` e2Ω`2β`

´

e2
?

3β´pω1q2 ` e´2
?

3β´pω2q2 ` e´6β`pω3q2
¯

. (2.47)

The elements of the spatial metric are functions of the proper time alone: β0ptq, β˘ptq.
In the ADM formalism, the Hamiltonian constraint (2.4) for these diagonal and
hypersurface-orthogonal class A Bianchi models, in Misner variables, is found to
read:

Cg “
N

2κ0

e´3Ω

24

´

p2κ0q2p´p2
Ω ` p2

` ` p2
´q ` 36e4ΩpVpβ˘q ´ 1q

¯

. (2.48)

The Poisson brackets of the canonical variables read: tΩ, pΩu “ tβ˘, p˘u “ 2κ0. In
what follows, we assume 2κ0 “ 1. The vector constraints vanish, and the anisotropic
potential of the previous equation is defined as:

Vpβ˘q :“ ´
2
3

e2ΩR ` 1 (2.49)

and, being proportional to the scalar curvature, it depends on the structure constants
Ck

ij (and therefore on mi), that is, on the specific choice of the homogeneous model.
The gravitational Hamiltonian (2.48) resembles the Hamiltonian of a particle in a 3D
Minkowski space-time moving inside a time-dependent potential. From all the re-
maining possible homogeneous models, the most important one, and unfortunately
the most difficult, is the Bianchi type IX, which is commonly known as the mixmaster
universe.

2.2.3 Mixmaster universe

The Bianchi IX model is important because it is a most generic homogeneous model
in the sense that all its structure constants mi are non-vanishing. Henceforth, we
only devote attention to the mixmaster universe, i.e. the Bianchi type IX, within the
group of spatially homogeneous class A models.

The manifold corresponding to group the Bianchi type IX is a space invariant
under SOp3, Rq symmetry group. This group has as its structure constants

Ci
jk “ ϵijk ðñ mi “ 1. (2.50)

For simplicity, the three-sphere is taken as the topological prototype of the invariant
hypersurfaces, since it is the simply connected covering space of SOp3, Rq. Any met-
ric placed on S3 of the form ei ¨ ej “ qij and independent of position in any invariant
hypersurface is invariant under SOp3, Rq. The proof to that invariance comes from
the fact that we can find the three Killing vectors on S3, such that rξi, ejs “ 0, and
these Killing vectors are the generators of the SOp3, Rq isometry group, with struc-
ture constants being the ones of Eq. (2.50). In the metric, the dual basis one-forms ωi
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representing these three-spheres spatial hypersurfaces, are usually parametrised as:

ω1 “ p´ sin φdθ ` cos φ sin θdϕq {
?

m2m3

ω2 “ pcos φdθ ` sin φ sin θdϕq {
?

m1m3 (2.51)

ω3 “ psin θdϕ ` dφq {
?

m1m2.

Since we assume the topology of the spatial hypersurfaces to be S3, the coordinate
volume is found to be V0 “

ş

S3 ω1 ^ ω2 ^ ω3 “ 16π2{pm1m2m3q “ 16π2. The choice
of the mixmaster universe as our homogeneous model yields the following expres-
sion for the scalar curvature (2.46):

R “ ´
1
2

mie´2Ω`4β`

ˆ

”

2 cosh p2
?

3β´q ´ e´6β`

ı2
´ 4

˙

, (2.52)

with the structure constants being the ones of Eq. (2.50). Then the mixmaster anisotropic
potential (2.49) is defined as:

VIXpβ˘q “
1
2

e4β`

ˆ

”

2 cosh p2
?

3β´q ´ e´6β`

ı2
´ 4

˙

` 1. (2.53)

The shape of this potential is plotted in Fig. 2.1. From now on, we simply denote
this potential as Vpβq.

FIGURE 2.1: Representation of the anisotropic potential of Eq. (2.53)
for the classical mixmaster universe (Bianchi type IX model).

The classical dynamics of the mixmaster model is described by the Hamiltonian
constraint (2.48) with potential (2.53) along the proper time t. The singularity is
reached for Ω Ñ ´8. The factor in front of the potential in this Hamiltonian goes
to zero at the singular point 36e4Ω Ñ 0, therefore, as the isotropic geometry of the
universe contracts, the potential walls move further apart and the particle progres-
sively penetrates larger regions of the anisotropy space β “ pβ`, β´q. It is legitimate
to represent this singularity of the Hamiltonian flow as a boundary of the phase
space, redefining the isotropic variables to bring the singular point to finite values
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of the canonical coordinates7. Then, we introduce the following isotropic canonical
coordinates [35]:

q “ e
3
2 Ω “ a

3
2 , p “

2
3

e´ 3
2 Ω pΩ, pq, pq P R` ˆ R, (2.54)

where we also defined the mean scale factor a :“ pa1a2a3q1{3. The collapse is now
represented in the open half-plane (q ą 0) rather than a plane. This range of the
isotropic phase space variables admits the affine group of symmetry transforma-
tions8. The spacetime line element now reads:

ds2 “ ´N2dt2 ` q
4
3 e2β`

´

e2
?

3β´pω1q2 ` e´2
?

3β´pω2q2 ` e´6β`pω3q2
¯

. (2.55)

The Hamiltonian constraint of the classical mixmaster in this new coordinates can
be written a sum of an isotropic and anisotropic part:

C “ ´Ciso ` Cani

Ciso “
N
24

ˆ

9
4

p2 ` 36q
2
3

˙

, Cani “
N
24

ˆ

p2

q2 ` 36q
2
3 Vpβq

˙

,
(2.56)

where p :“ pp`, p´q. The Hamilton equations (for N “ 24q read:

9q “
9
2

p, 9p “ ´2
p2

q3 ` 24q´ 1
3 rVpβq ´ 1s,

9β˘ “ ´2
p˘

q2 , 9p˘ “ 36q
2
3 B˘Vpβq,

(2.57)

where B˘ :“ Bβ˘
. The above system of dynamical equations admits the following

scaling symmetry:

t1 “
t

δ1{2 , q1 “
q

δ3{4 , p1 “
p

δ1{4 ,

β1
˘ “ β˘, p1

˘ “
p˘

δ
.

(2.58)

This scaling symmetry can transform large-universe solutions into small-universe
solutions, even into the ones that are smaller than the Planck scale at their possible
classical re-collapse (p “ 0). It is natural to expect this symmetry to be broken at the
quantum level that must involve a new scale coming from the nonvanishing Planck
constant.

We can express the dynamically most relevant geometric quantities in terms of
the phase space variables:

H “
p

8q
, Riso “

3

2q
4
3

, Rani “ ´
3Vpβq

2q
4
3

, σ2 “
p2

48q4 (2.59)

where H, Riso, Rani and σ2 are respectively the Hubble rate, the isotropic intrinsic

7The canonical quantization (Dirac) of the Hamiltonian constraint, by promoting it to an opera-
tor acting on the universe wave function Ψ, leads to the well-known Wheeler-DeWitt equation [34].
This equation does not remove the singularity. Therefore, we make use of an alternative quantization
method that removes the singularity, that is implemented with the new isotropic variables.

8This symmetry group is introduced later at the end of section 2.4.1, since it plays an essential role
in the quantization method of the model.
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curvature, the anisotropic intrinsic curvature (potential term of anisotropy) and the
shear squared (kinetic term of anisotropy). Upon rewriting the constraint equation
in terms of them, we obtain the generalized Friedmann equation for the mixmaster
model:

H2 “ ´
1
6

Riso `
1
3

σ2 ´
1
6

Rani `
1
6

ρr, (2.60)

where we added the matter component to the model in the last term, since we
assume that at some stage in the early evolution of the universe the expansion
was driven by matter fields. We chose radiation to be the matter component with
ρr “ Mr{q

8
3 being the energy density and Mr is a constant9.

The classical mixmaster, as a homogeneous model of the early universe, was
originally proposed by Misner [36]. In this model the universe undergoes the BKL
scenario previously described: an oscillatory and chaotic epoch close to the initial
cosmological singularity. The name "mixmaster" is due to the fact that, in this sce-
nario, the universe is thought to behave like a three-dimensional mixer, acting on
spatial directions, squeezing and blowing up each repeatedly and randomly, while
the overall volume is shrinking. The mixmaster is similar to the closed FLRW uni-
verse, in the sense that spatial slices are positively curved and are topologically
three-spheres S3. Nevertheless, in the FLRW universe there is only one dynami-
cal variable, the scale factor aptq, that parameterises the overall size of the S3, which
can only contract or expand. In the Mixmaster, the spatial S3 slices can contract
and expand (parameterised by Ω or q) but also get distorted anisotropically (pa-
rameterised by the shape parameters β˘). By studying the motion of the fictitious
point-particle inside the mixmaster potential (2.53), Misner showed that the physi-
cal universe would exhibit a repeated pattern of contraction in some directions and
expansion in others, with the directions of contraction and expansion changing pe-
riodically. Since the potential is roughly triangular and concave, Misner suggested
that the evolution is chaotic. Because the spatial slices evolve differently in each
direction, homogeneity is preserved but not isotropy.

The dynamics of the mixmaster is very hard. Before collapsing into the singu-
larity in a finite proper time, infinitely many oscillations take place. Its classical
asymptotic dynamics is usually approximated by an infinite sequence of epochs of
the so-called Kasner universe. Each epoch is a vacuum solution to the homogeneous
spacetime model of Bianchi type I (mi “ 0). The transitions between epochs are the
effect of non-negligible spatial curvature, which arises quickly and vanishes after a
relatively short period of time. These transitions are commonly given by solutions
to the Bianchi type II model (m1 “ 1, m2,3 “ 0). The universe becomes dominated by
the gravitational energy (with the matter energy negligible) and undergoes an infi-
nite number of chaotic transitions and eventually collapses into a singularity. Misner
failed to resolve the singularity. He initiated studies on the quantum dynamics of
the mixmaster with such objective, but his analysis was based on simplistic approxi-
mations of the anisotropic potential and the dynamics. It appears that there have not
been any significant advancements in the field since then. However, very recently,
a novel approach to quantization and analysis of the quantum model started to be
developed [37–42]. In the work presented in this thesis (chapter 6), based on in the
direction of such previous studies, we propose a quantum model of the mixmaster
universe replacing the classical singularity with a quantum bounce. Approximating

9The expression of the radiation term is derived from the fluid constraint (2.14) (w “ 1{3 for radi-
ation) by means of the appropriate choice of the value of K “ wpw ` 1q´

1`w
w , and Mr is assumed to be

a constant related to the momentum of the fluid Mr “ ppϕq1`w.
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the description of quantum dynamics provides fresh insights into the new intricate
physics of the bounce and its interplay with anisotropy. The main goal is to use such
model to investigate the possibility of the quantum mixmaster universe undergoing
an spontaneous inflationary phase.

In order to quantise the mixmaster, integral covariant methods of quantization,
based on coherent states, are applied to the canonical coordinates. The same method
is applied as well for the quantization of the Hamiltonian (2.34) obtained for the
isotropic background in the previous section. Therefore, the section 2.4.2 of the
present chapter is devoted to coherent states and quantization methods based on
them.

2.3 The standard model of cosmological Inflation

Since the work presented in this thesis lies in the domain of alternative models of
quantum cosmology to the most accepted inflation scenario, we shall present here
some basis of the standard inflationary scenario, its postulates and most important
predictions of the early universe regarding the actual available observational data.
We put the focus on the ones that are more relevant to compare with the presented
study. This allows us to understand clearly the source of the difference between the
results obtained in our models and in the inflation model.

The Standard Cosmological Inflation Model proposes a solution to some of the
deep-rooted problems of the Big Bang theory, such as horizon, flatness or monopole
problems among others, by introducing a period of exponential accelerated expan-
sion in the early universe. The standard model of inflation assumes that the dynam-
ics is driven by a scalar field called the inflaton (ϕ) [43]. The scalar field is thought to
have dominated the energy density of the universe during inflation, and the rapid
expansion caused by the inflaton field is responsible for smoothing out any initial
irregularities of the universe, explaining its isotropic and homogeneous state, and
producing the seeds for the large-scale structure we observe today.

There exist a wide range of inflationary models, going from the simplest stan-
dard one of chaotic inflation where the scalar field follows a quadratic potential
Vpϕq “ 1

2 m2ϕ2, where m is the mass of the inflaton, to extensions in which the po-
tential can be any polynomial or power law function of one or even multiple scalar
fields, that can be coupled like in the case of hybrid inflation [44]. In most models,
it is usually assumed that at the beginning of the inflationary period, the scalar field
was in a state of high energy and subject to random quantum fluctuations [45]. As
the universe stretched out, the field settled into a lower state and released energy
that drove the rapid exponential expansion. According to the theory, the inflation-
ary period came to an end through a phase transition where the scalar field decayed,
causing the universe to be reheated and leading to the production of particles and
radiation. Inflation has led to the remarkable result of establishing a connection be-
tween the primordial density perturbations (amplified during the rapid accelerated
expansion) that led to the Universe’s large-scale structure and the inflaton’s initial
quantum vacuum fluctuations.

The inflation model assumes a classical background, whose dynamics is driven
by the inflaton field according to the classical equations of motion. The background
spacetime is assumed isotropic and homogeneous. The scalar field is split into the
homogeneous background and small inhomogeneous perturbations. The perturba-
tion modes are canonically quantized and set initially to be in the vacuum state.
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The cosmological horizon is defined as the maximum distance from which light
could have travelled to the observer in the age of the universe [46]. Therefore, it mea-
sures the distance from which we could possibly retrieve information. The Hubble
horizon at a given moment t is the distance that light can travel in the Hubble time
value at that moment (Hptq´1), that is, the time in which the size of the universe
doubles. Scales larger than the Hubble horizon remain out of casual contact. During
inflation, the comoving Hubble horizon size decreases rapidly, then the quantum
fluctuations are stretched to cosmological scales and modes of perturbations that
were initially inside the horizon become larger than the horizon (see Fig. 2.2 from
[47]). The exiting of the horizon of the relevant modes leaves imprints on the large-
scale structure of the universe, that can be observed on the cosmic microwave back-
ground radiation for the modes (or scales) that re-entered the cosmological horizon.
The amplitude and spectral tilt of these fluctuations are determined by the details of
the inflationary model.

FIGURE 2.2: An illustrative representation of how the perturbations
for the different modes (or scales) evolve during the inflationary pe-
riod, taken from [47]. In chapters 4 and 5 we analyse some details of
this picture in the framework of quantum bouncing cosmology, such
as how the perturbations are amplified from vacuum and the super-

horizon constancy of curvature perturbations.

Inflation models are usually classified by the values of the so-called slow-roll
parameters they assume. Slow-roll inflation refers to the situation in which the in-
flaton is assumed to roll down the sufficiently high potential hill p 9ϕ ! Vpϕqq very
slowly in comparison to the expansion of the Universe p|:ϕ| ! |3H 9ϕ|q. One can use
the Friedmann equation and the equations of motion of the scalar field to write such
conditions in terms the slow roll parameters [26], defined as:

ϵ :“
1

3κ

ˆ

V,ϕ
V

˙2

! 1, |η| :“
1

3κ

ˇ

ˇ

ˇ

ˇ

ˇ

V,ϕϕ

V

ˇ

ˇ

ˇ

ˇ

ˇ

! 1. (2.61)

The parameters represent represents the nearly flat slope pϵq and curvature pηq of
the potential, ensuring inflation to happen for sufficiently long time. The minimally
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coupled inflaton field can be described by means of its effective cosmological fluid
pressure and energy density: ρϕ “ ϕ2{2 ` Vpϕq and pϕ “ ϕ2{2 ´ Vpϕq. By means
of Friedmann equation as well, it can be shown [47] that the accelerated expansion
phase can occur for fluids with barotropic index w ă ´1{3. The slow roll regime in
inflation generally yields to the assumption H » constant, leading to w « ´1, that
clearly satisfies the above condition. The predictions of the inflationary model for
the power spectrum of scalar curvature perturbations in the large wavelengths limit
can be expressed at 1st order in terms of the slow-roll parameters [26]:

PSpkq 9 kns´1 “ k2η´4ϵ (2.62)

Inflation is successful in predicting an almost scale invariant power spectrum for
scalar perturbations, with ns À 1. It is very useful to express the formula of the
spectral index of scalar perturbations in terms of the slow-roll parameters ns “

1 ´ 2η ´ 4ϵ because it clearly manifest the freedom in the fine-tuning of the scalar
field potential that the standard inflationary model posses. Such freedom translates
into the capability of inflation for obtaining some flexible range of values of the slow-
roll parameters, allowing them to be constrained by observations in order to repro-
duce the value of the spectral index given by the power spectrum of the Cosmic
Microwave Background: ns “ 0.9649 ˘ 0.004 [48]. The fact that the CMB data gives
ns À 1 for the scalar spectral index make us refer to it as a slightly red-tilted spectrum,
because it is slightly stronger on larger angular scales than on the smaller ones. The
opposite situation, ns Á 1, is referred as a slightly blue-tilted spectrum.

Nonetheless, in spite of its impressive success in explaining the genesis of the
large scale structures, the inflationary paradigm does not address some other issues
of the Big Bang theory [49]. Among those, the one that mainly concern us for the
future chapters is the ingrained initial singularity problem.

2.4 Coherent states

Coherent states are a class of quantum states that closely exhibit a classical be-
haviour. They are frequently employed to depict a group of states that possess
minimum uncertainty and, in a way, are most akin to a classical portrayal of the
underlying phenomenon. The original coherent states were introduced by Erwin
Schrödinger in 1926 [50] as a generalization of the classical harmonic oscillator. These
states are known as Schrödinger or canonical coherent states, its probability density
is Gaussian and its peak follows the sinusoidal trajectory of a classical particle. The
coherent state are referred to as "displaced" ground states since their probability den-
sity differs from that of the ground state only due to its time-varying shift in the po-
sition of the peak. Let us summarise some of the basic properties of the Schrödinger
coherent states:

• The canonical pair of the quantum harmonic oscillator annihilation â and cre-
ation â: satisfy the commutation relation: râ, â:s “ I. The coherent states are
created by the action of an unitary operator, the displacement operator, on the
harmonic oscillator vacuum state |0y, that plays the role of fiducial state:

|αy “ e´ᾱâ`αâ: |0y, α P C. (2.63)

The vacuum state vanishes under the action of the annihilation operator â|0y “

0. The displacement operator is undetermined to an arbitrary imaginary addi-
tive constant (global phase).
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• They are the eigenstates of the annihilation operator of a harmonic oscillator:
â|αy “ α|αy.

• They lie in the middle of the minimum uncertainty curve, meaning
they minimise the Heisenberg uncertainty principle: ∆Q̂|α∆P̂|α “ 1

2 , where

∆Â|α “

b

xα|Â2|αy ´ xα|Â|αy2 . More technically, the general solutions to the
last condition are called squeezed-coherent states, essentially because the un-
certainty can be squeezed from Q̂ into P̂ and vice-versa by introducing the
squeezing operator Spξq “ e

1
2 p´ξ â2`ξ̄ â2q, where ξ P C.

• They are not orthogonal states: xβ|αy “ e´ 1
2 p|α|2`|β|2´2αβ˚q ‰ δpα ´ βq. There-

fore, if the oscillator is in the quantum state |αy it is also with nonzero proba-
bility in any quantum state |βy.

• A family of coherent states t|αyu is overcomplete, meaning that, as a conse-
quence of their non-orthogonality and their closure relation, any coherent state
can be expanded in terms of all the other coherent states of the family. The clo-
sure relation they obey is expressed by the following resolution of the identity:

1
π

ż

C

dℜpαqdℑpαq|αyxα| “ I, (2.64)

where ℜpαq and ℑpαq are respectively the real and imaginary part of α. This
property is actually the most important one in many applications.

2.4.1 Generalized Coherent states (GCS)

In 1954, Senitzky [51] demonstrated that the coherent states can be generalized by
displacing any other energy eigenstate in such a way that its probability density
oscillates in accordance with the classical dynamics. It was shown that these gen-
eralized coherent states are also a solution for the harmonic oscillator. These states
were reintroduced by Perelomov [52] in 1972, with a construction based on the use of
Lie algebraic methods. Generalized coherent states, are a more general class of states
that can be constructed by applying a linear or nonlinear operator, generally an uni-
tary irreducible representation of a symmetry group, on a reference arbitrary state
|ψ0y (called fiducial vector) in Hilbert space H. Hence, Schrödinger coherent states
are a special case of generalized coherent states. Generalized coherent states can also
be used to construct non-classical states such as squeezed states and displaced Fock
states. The only two basic conditions that all GCS must obey are:

• Continuity: The displacement operator shifts the fiducial vector in phase space
by a displacement parameter, which labels the GCS: |⃗zy (a vector in H). The
parameter belongs to some label space Z , and uniquely identifies the state
within the set of GCS. By varying this parameter, one can generate a family
of states that span a continuous region of the phase space. This means that
the mapping x⃗ Ñ |⃗zy is strongly continuous, and for each vector |ψy in H,
the function Ψp⃗zq “ x⃗z|ψy is continuous in the topology of Z . The continuity
of the set of states arises from the fact that the displacement parameter varies
smoothly and continuously over this region. Any two states in the set can be
smoothly connected to one another by a continuous path. Then, the distance
between two states in the Hilbert space with different label parameters tends to
zero as one of the parameters approach the value of the other: |||⃗zy ´ |⃗z1y|| Ñ 0
as z⃗ Ñ z⃗1
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• Overcompleteness: The continuity of the label of GCS is closely related to the
completeness property of the set of states, explained above. We can generalise
the resolution of the identity (2.64) as:

ż

Z

dµp⃗zq

N |⃗zyx⃗z| “ I, (2.65)

where N is the normalization factor coming from the fixed fiducial state. If we
take the positive measure dν on Z to be dνp⃗zq “ dµp⃗zq{N “ dℜpαqdℑpαq{π
and Z ” C, we recover the definition of canonical coherent states. The con-
tinuity ensures the non-orthogonality of the GCS. Hence, overcompleteness
property means that any state in the Hilbert space can be expressed as a linear
combination of the GCS:

|ψy “

ż

Z
Ψp⃗zq|⃗zydνp⃗zq. (2.66)

This means that there is a one-to-one correspondence between the states in the
set and the points in the continuous labelling parameter space. It also means
that the set of states forms an overcomplete basis for the Hilbert space.

Phase space representation

The phase space representation of coherent states provides a useful way of intu-
itively understanding of the properties of the state. It allows for the visualization of
more complicated wave functions. Representing the state in terms of both position
and momentum coordinates. We start by introducing, respectively, the position and
momentum self-adjoint operators:

Q̂ “

c

1
2kω

pâ: ` âq, P̂ “ i
c

ω

2k
pâ: ´ âq, (2.67)

By defining the complex label variable z “

b

ωk
2 q ` i

b

k
ω p in terms of the phase

space canonical coordinates pq, pq P R2, the displacement operator is transformed
into the Weyl-Heisenberg translator operator:

ÛW “ eikppQ̂´qP̂q. (2.68)

Quantum physics sets k “ h̄´1, and we assume h̄ “ 1. It is referred to as a translation
operator because it translates a state in phase space by a z “ pq, pq:

Û:

W Q̂ÛW “ Q̂ ` qI, Û:

W P̂ÛW “ P̂ ` pI. (2.69)

Then the Weyl-Heisenberg translation operator form an irreducible, unitary repre-
sentation (UIR) of a Lie group called the Weyl-Heisenberg symmetry group, ex-
plained below. We write the coherent state as: |zy “ |q, py “ ÛW |0y. The states
|q, py generate continuous representation of the canonical phase space. The physical
interpretation of the phase space coordinate labels is:

q “ xq, p|Q̂|q, py, p “ xq, p|P̂|q, py. (2.70)

The fiducial vector represents the generalization of the reference vacuum state in
the canonical coherent states. It is a normalised and (almost) arbitrary fixed state in
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the Hilbert space, that determines the whole family of coherent states built from the
UIR of chosen group. Since the conditions of GCS don’t state anything about the
fiducial vector, we can choose it to be any state |ψ0y belonging to the Hilbert space
H. However, it is typically convenient to select |ψ0y such that Eq. (2.70) holds, by
imposing the following physical centering conditions:

xψ0|Q̂|ψ0y “ 0, xψ0|P̂|ψ0y “ 0. (2.71)

If we choose a different fiducial state, we get a shift of the phase space by their
expectation value of the position and momentum operator. Supplementarily, besides
the fiducial vector, the most important part of the generalization comes from the
choice of operator that acts on it and creates the coherent states, specially from its
relation with a symmetry group. As we will now see, they allow to construct a group
representative in a Hilbert space.

Weyl-Heisenberg symmetry group

As we previously mentioned, the Weyl-Heisenberg operators serve as a unitary and
irreducible representation of the Weyl-Heisenberg symmetry group, consisting in
the group of R2 phase space translations on the Hilbert space H “ L2pR, dxq of
square-integrable complex valued functions (on a full line).

The regular representation of the translational symmetry is defined as:

T : pT pq0, p0qq f pq, pq “ f pq ´ q0, p ´ p0q, (2.72)

where pq0, p0q represents the origin of the phase space, whose choice is arbitrary
since the phase space R2 is homogeneous. The fiducial state |ψ0y is selected from
the Hilbert space H, such that the physical centering conditions (2.71) are fulfilled,
and the physical interpretation of the labels pq, pq, following from (2.70), are just
the position and momentum respectively, and are usually referred as the "classical"
degrees of freedom, whereas any other variable, typically related to the shape of
the fiducial quantum state, shall be referred as "quantum" degree of freedom (or
parameter).

Besides (2.69), the Weyl-Heisenberg operator also has the following properties:

UWp0, 0q “ 1, Tr pUWpq, pqq “ 2πδpqqδppq,

Û´1
W pq, pq “Û:

Wpq, pq “ ÛWp´q, ´pq,
(2.73)

From the multiplication law of the Weyl-Heisenberg group we have:

UWpq, pqUWpq1, p1q “ eiσppq,pq˝pq1,p1qqUWpq ` q1, p ` p1q, (2.74)

where the real valued parameter ξ encodes the non-commutativity of the representa-
tion, hence representing a feature of quantization. This means that for the UIR (2.68)
the symplectic form reads: σppq, pq ˝ pq1, p1qq “ ´kpq, pq ^ pq1, p1q “ kpqp1 ´ q1 pq,
where quantum physics fixes k “ h̄´1. The non-commutativity is given by Weyl-
Heisenberg algebra, satisfying the familiar commutation relation:

rq, ps “ I. (2.75)

The above commutation relation is the Lie algebra corresponding to the set of op-
erators: I Ñ ´i1, q Ñ iQ̂, and p Ñ iP̂, which gives the canonical commutation
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relation of quantum mechanics (h̄ “ 1). The Lie algebra representation (2.68), with
k “ h̄´1

“ 1, is not just an UIR of the Weyl-Heisenberg group, but it is, besides the
trivial choice (k “ 0), the unique one 10. This representation is called the Schrödinger
representation [54], because the canonical (or Schrödinger) coherent states corre-
spond to elements of the Weyl-Heisenberg group acting on the ground vacuum state
through the Schrödinger representation. As mentioned, both position Q̂ and mo-
mentum P̂ operators are self-adjoint in the Hilbert space H “ L2pR, dxq. If Q̂ acts on
H on its spectrum R as Q̂ψpxq “ xψpxq, then the momentum acts as P̂ Ñ ´iBx.

The Weyl-Heisenberg transform of a phase space function into an operator in H
is defined as:

f pq, pq ÞÑ Wr f s “

ż

R2
UWpq, pq f pq, pq

dqdp
π

(2.76)

From (2.74) we obtain the formula for the trace [55]:

TrpUWpq, pq:UWpq1, p1qq “ πδpq ´ q1qδpp ´ p1q. (2.77)

Using this last formula and (2.73), we can invert the Weyl-Heisenberg transform
(2.76):

f pq, pq “ TrpUp´q, ´pqWr f sq. (2.78)

Affine group

The construction in terms of symmetry groups, can be used to define coherent states
for irreducible, unitary representations of any arbitrary Lie groups, besides the Weyl-
Heisenberg coherent states.

The considered cosmological models in this thesis involve isotropic phase space
coordinates (2.19) (2.54) that form a half-plane, pq, pq P R` ˆ R. Such phase space
can be associated with the Hilbert space H “ L2pR`, dxq of square-integrable func-
tions on a half-line. The symmetry of the open half-plane corresponds to the arbi-
trariness of the choice of the origin, namely 1 for the scaling variable q0 ą 0, and 0 for
its conjugate momentum p0 P R, since the phase space is still homogeneous. This
modification of the position center is expected since on the Hilbert space defined
on the positive real line, the position expectation value must be positive definite.
The group of canonical transformations of this phase space form the affine group
Aff`pRq of the real line, that satisfies the following multiplication law:

pq, pq ˝ pq1, p1q “ pqq1,
p1

q
` pq. (2.79)

The regular representation of the affine symmetry is defined via the group inverse
as:

A : pApq1, p1qq f pq, pq “ f ppq1, p1q´1 ˝ pq, pqq “ f p
q
q1

.q1pp ´ p0qq. (2.80)

The affine set of transformations of the real line consist in transformations of the
form x Ñ x1 “ a ¨ x ` b, where a ą 0, b P R. The generators of its algebra are q

10In general, elements of the Weyl-Heisenberg group are defined by three variables pt, q, pq with
t P R, however, since the coherent states we are interested in are defined only by the phase space
coordinates pq, pq we dropped t Ñ 0. Therefore the general UIR would read Tptq ¨ UWpq, pq, where the
operator Î lifts to the operator Tptq “ e´i t

h̄ 1, which relates to the fact that vectors in L2pRq correspond
to the same state if they differ only by a phase factor. Thus, the unique UIR (2.68), is actually a Lie
algebra representation of the Weyl-Heisenberg algebra, called the Schrödinger representation, where
we dropped t [53].
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(position) and d “ pq (dilation): tq, pu “ 1 Ñ tq, du “ q. The idea is to replace the
translations in position (due to the barrier at q “ 0) with dilations. The translations
in momentum and the dilations generate the affine group (in a line). The momentum
operator is a self-adjoint generator of the UIR of the Lie group of Weyl-Heisenberg
on a full line, but in the new Hilbert space for the new Lie group of affine symmetry it
becomes a symmetric operator but not self-adjoint because of the boundary at x “ 0.
Hence, in the Lie algebra representation of the affine algebra, (when following the
canonical prescription q Ñ iQ̂, p Ñ iP̂, 1 Ñ ´i1) only the position and the dilation
operator, defined as d Ñ ´iD̂ “ ´ 1

2 ipQ̂P̂ ` P̂Q̂q, are self-adjoint in the mentioned
Hilbert space H. Then, we get the canonical commutation of quantum mechanics
that gives the resulting affine commutation rule for these two operator,

rQ̂, P̂s “ i1 ÝÑ rQ̂, D̂s “ iQ̂. (2.81)

The so-called affine coherent states (ACS) are defined as being created by the ac-
tion of the non-trivial UIR11 of the affine group in terms of these two self-adjoint
operators

|q, py “ UApq, pq|ψ0y “ e
i
h̄ pQ̂e´ i

h̄ ln pqqD̂|ψ0y, (2.82)

on the fiducial vector |ψ0y, and parametrised by the half-plane pq, pq P R` ˆ R.
Again, we assume h̄ “ 1. As we chose our arbitrary origin to be pq, pq “ p1, 0q,
the physical centering conditions (2.71) on the fiducial state used for the expectation
values on the half line, are shifted like

xψ0|Q̂|ψ0y “ 1, xψ0|P̂|ψ0y “ 0. (2.83)

The action of the UIR of the affine group on H “ L2pR`, dxq introduce a continuous
family of unit vectors (in the position representation) as follows:

xx|q, py :“ xx|UApq, pq|ψ0y “ UApq, pqψ0pxq “
eipx
?q

ψ0

ˆ

x
q

˙

P H, (2.84)

where ψ0pxq “ xx|ψ0y P H. The resolution of identity for ACS is found to read:
ż

R`ˆR

dqdp
N |q, pyxq, p| “ 1 (2.85)

where ψ0pxq12 is a fixed fiducial vector that satisfies the normalization imposed by
the affine group [57]:

N “ 2π ¨ ρp0q ă 8 where ρpαq :“
ż

|ψ0pxq|2

xα`1 dx13. (2.86)

11In fact, the affine group has two non-equivalent UIR U˘ [56], but only the UIR U` is concerned
in this thesis.

12In general, this fiducial vector entering the identity resolution does not need to be the same as the
one used for the expectation values (2.83).

13The normalization comes from the group integrability (or admissibility) condition, which puts
an additional restriction on the fiducial vectors: |ψ0y P L2pR, dxq X L2pR, dx{xq. As it is explained
in several works [57, 58], the admissibility condition is necessary because the affine group is non-
unimodular, meaning that the measure dµApq, pq “ dqdp is left-invariant by (2.79) but not right-
invariant. In this thesis we assume left regular representations of the symmetry groups (2.72), (2.80),
hence we work with left-invariant measures.
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Since the momentum operator reads as ´iBx in the position representation, for
later purposes, it is also useful to define:

σpαq :“
ż

|Bxψ0pxq|2

xα`1 dx. (2.87)

As we show later, utilizing the affine representation to quantize cosmological mod-
els produces intriguing and intricate outcomes, all the while maintaining the funda-
mental paradigm of quantum physics, the canonical commutation rule.

2.4.2 Quantization methods based on coherent states

Let us first define what a quantization procedure is [59]: given a classical phase space
X , and a vector space CpX q of complex-valued functions f pxq on X , the quantization
is a linear map from CpX q to a vector space ApHq of linear operators Â f on some
Hilbert space H:

Q : f P CpX q ÞÑ Qp f q ” Â f P ApHq (2.88)

The map must fulfill the following conditions:

(1) To f “ 1 there corresponds the identity on H: f “ 1 ÞÑ Â f “ IH

(2) To a real function f there corresponds an (essentially) self-adjoint operator Â f
in H.

In addition, physics introduce further conditions. Some natural requirements in-
spired by canonical quantization rules [60] are postulated:

(i) The map is linear: Âc1 f `c2g “ c1Â f ` c2Âg, where c1, c2 P C.

(ii) Enhancing (2): in the context of physics, f would be a real observable, to
which is assigned a symmetric operator. Moreover, if the observable is semi-
bounded, it is promoted a to semi-bounded operator, that is always a self-
adjoint extension14.

(iii) The classical limit of the quantum commutator (at the order h̄) corresponds to
the Poisson bracket: t f , gu “ h ÞÑ rÂ f , Âgs “ ih̄Âh. (The non-commutativity in
operators’ algebra is a fundamental property of Quantum Mechanics).

(iv) Any quantization based on GCS generated by the UIR of a symmetry group
must be covariant with respect to the group symmetry, in the same sense that
canonical quantisation is covariant with respect to positions and momentum
translations.

The resolution of identity (2.65) provides a remarkable property that motivates the
use of GCS within the so-called integral quantization methods15:

f ÞÑ A f “

ż

f pq, pq|q, pyxq, p|dµpq, pq

N , (2.89)

This integral map is known as the diagonal representation of operators, and it ful-
fills all the requirements listed above for a quantization map. Furthermore, when

14This is called Friedrich extension [61]: The self-adjoint extension of the semi-bounded (from be-
low) symmetric operator Â f , that may fail to be essentially self-adjoint

15From now on we drop the hat-notation in A f when referring to operators obtained by integral
quantization map.
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the construction involves the use of a group action, it is possible to insist on the
method’s covariance aspects. Lie group representation theory provides many possi-
bilities for constructing explicit integral quantization methods [59]. Then, the above
map is usually called a phase-space covariant map, since states |q, py are chosen to
be created by the action of the convenient representation of the phase space sym-
metry G. Therefore the map provides an integral quantization of complex-valued
functions fG on the Lie group G of such symmetry:

A f “

ż

G
f Gpq, pqQGpq, pq

dµGpq, pq

NG
, with QG :“ |q, py

G
xq, p|

G
. (2.90)

where G ÞÑ UG is a UIR of G in the Hilbert space, and the quantization is covariant in
the sense that UG A f UG

: “ ApGq f
16. The diagonal family of operators QG is obtained

by a G-translation as
QGpq, pq “ UGpq, pqQ0U:

Gpq, pq (2.91)

of the chosen unit trace (self-adjoint on H) operator Q0 “ |ψ0yxψ0| “ NGI, where
NG “

ş

G dµGpq, pq|xψ0|UG|ψ0y|2 ă 8 is the normalization factor coming from the
fixed unit fiducial vector |ψ0y for the group G17, 18.

The proposed quantization approach highlights the important role of phase space
symmetry and permits an infinite number of quantization maps, provided that they
are covariant with respect to such a symmetry. An advantage of our quantization
method is that it describes the ambiguities present in the quantization process with
a convenient parametrization. This makes our analysis more robust, as we will see
when computing affine quantization of the isotropic variables in our cosmological
models.

2.4.3 Semiclassical formalism

Integral quantization enables the construction of a natural semi-classical framework.
It allows to write down the formula for classical-like expectation value

Tr
`

PG A f
˘

“

ż

G
f Gpq, pq Tr

´

PGQGpq, pq

¯dµGpq, pq

NG
, (2.92)

16An example of symmetries pGq f are pT q f (Eq. (2.72)) and pAq f (Eq. (2.80)), with UG Ñ UW or
UA, respectively, for the Weyl-Heisenberg group of translations and the Affine symmetry group.

17According to the admissibility condition of the operator UG imposed by the orthogonality relation
of the given group [62]

18In the context of quantization using the affine group, it is important to emphasize here that the
operators Q̂, P̂ and D̂ in (2.81) where obtained from q, p by means of the usual canonical quantization
prescription. In this well-known procedure, we get the canonical commutation relation of quantum
physics and the classical limit of the obtained commutation relation coincides with the Poisson bracket
of the algebra of the generators, what is a requirement of quantization as stated in condition (iii) above.
When applying a different method of quantization, it is not trivial that the operators obtained from
quantizing the observables q Ñ Aq and p Ñ Ap will satisfy the same commutation relation as the one
of the operators obtained by the canonical rule (2.81), that has the proper classical limit. Therefore, if a
method of quantization based on GCS is applied, the fiducial vector for quantization must be selected
imposing that the commutation relation of the quantum operators is the same as (2.81), in addition
to the integrability condition (2.86). However, this might be in conflict with the physical centering
imposed by the group (2.83) on the fiducial vector. In that case, there are two options: a) we use two
different families of fiducial vector of GCS, one for the quantization method and one for the expectation
values (as it was done in the work presented in chapter 3); b) we look for a fiducial vector that fulfills
both conditions (as we did in work presented in of chapter 6, where a more general fiducial vector in
terms of two parameters controlling the quantum dispersion is introduced).
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where PG “ |q1, p1y
G
xq1, p1|

G
is in general a different family of unit trace operators

of the same group obtained from a different fiducial vector P0 “ |ψ̄0yxψ̄0|. The op-
erators are typically denoted by PG due to the fact that the quantity Tr pPGQGq “

xq, p|
G
PG |q, py

G
“ |xq, p|q1, p1y|

2
G

acts as a probability distribution for a state |q, py to
be in the state |q1, p1y, implying uncertainties in the phase space. More generally,
PG can be seen as a projector describing a quantum system whose wave-function
Hilbert space is approximated with the family of coherent states |q1, p1yG . The expec-
tation value in projectors PG for a quantum observable represented by a self-adjoint
operator A f on H is then given by: xA f ypq1,p1qG “ Tr pPG A f q. Hence, using the above
formula, we can write the so-called lower symbol [63] of the observable f ÞÑ qf ,
which is viewed as a semiclassical representation of the operator A f . In terms of the
GCS19, it reads:

qf pq, pq :“ Tr pPG A f q “

ż

G
|xq, p|q1, p1y|

2
G f pq1, p1q

dµGq1, p1q

NG
(2.93)

The above formula provides a semiclassical version of the observable f , which can
be interpreted as the classical limit of its quantum corrected version. This formula
combines the quantization by GCS of the group G, with the semiclassical portrait of
the operators issued from the same GCS group.

Equivalently, the full procedure could be split in two steps, the first to obtain
the quantum operator A f that correspond to the observable f and, the second to
evaluate its expectation value with a different family of coherent states of the same
group yielding its semiclassical portrait20:

qf pq, pq “ xq, p|
G
A f |q, py

G
. (2.94)

In addition, there exists an alternative formula for integral quantization that
might be more practical to utilize in some situations. The latter is obtained using
the so-called symplectic Fourier transform of f pq, pq over a group:

F r f spq, pq “

ż

G
eiσppq,pq˝pq1,p1q f pq1, p1q

dµGpq1, p1q

NG
(2.95)

Therefore, by defining a weight function via the corresponding group transform

ΠGpq, pq :“ Tr pUGpq, pqQ0q ùñ Q0 “

ż

G
UGpq, pqΠGpq, pq

dµGpq, pq

NG
(2.96)

and substituting (2.91) in (2.90), it can be shown that one obtains the equivalent form
of G-group integral quantization [55]:

A f “

ż

G
UGpq, pqF r f sp´q, ´pqΠGpq, pq

dµGpq, pq

NG
(2.97)

19Changing labels for simplicity q Ø q1, p Ø p1

20The first procedure was the one employed for the Mixmaster background of the work presented
in chapter 3, whereas the second option was performed in the Friedmann background of the work in
chapter 6
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together with corresponding lower symbol:

qf pq, pq “

ż

G
F rΠpq, pqs ˚ F rΠ̃s f pq1 ´ q, p1 ´ pq f pq1, p1q

dµGpq1, p1q

N 2
G

(2.98)

where Π̃pq, pq “ Πp´q, ´pq. This alternative formulation is sometimes convenient,
since more tractable formulas can be obtained when the weight function instead of
the family of operators QGpq, pq (or the defining Q0) is used21.

Semiclassical and semiquantum trajectories

The coherent state semiclassical description constitutes a tool that allows to obtain
an approximation to the exact quantum dynamics of systems that undergo evolution
in both the classical and quantum regimes. In this formalism, the dynamics of the
quantum states just describes the propagation of fixed reference states, in a way such
that the mean position and momentum obey the evolution of the labels qptq, pptq of
their phase space representation. During the motion, the shape of the wavefunction
is kept fixed. The evolution of the phase space semiclassical trajectories include cor-
rections from the quantum evolution. When the quantum effects are visible, then
the quantum uncertainty cannot be neglected. Therefore, sometimes these trajec-
tories are named as "semiquantum" instead of semiclassical, in order to emphasize
their quantum nature. This in particular implies that the expectation values of com-
pound operators are not, in general, simple functions of the expectation values of
basic operators. The name "semiclassical" is usually restricted to trajectories of clas-
sical variables that, don’t follow the classical equations of motion, but retain all the
properties the classical trajectories have. That means, functions of these variables
are those that would be obtained if they were actually classical; with quantum un-
certainties assumed negligible 22.

2.4.4 Application of GCS methods to Quantum Cosmology

We apply the presented quantization methods and semiclassical formalism based on
GCS to the background variables of our cosmological models explained in the previ-
ous sections. For the isotropic variables, since we cannot apply canonical quantiza-
tion because they are defined on the half-plane pq, pq P R` ˆ R (as one can observe
in (2.19) and (2.54)), it is necessary to employ the affine group integral quantiza-
tion. For the anisotropic background variables of the mixmaster-model, defined in
the full-plane pβ˘, p˘q P R2, we use the Weyl-Heisenberg integral quantization and
semiclassical portrait.

In general, as we shall prove, the affine semiclassical formalism for the isotropic
variables supplements the kinetic term 9 p2 of the background Hamiltonian with a
term of the form `K{q2, where K ą 0. Thus, with affine quantization we arrive to

21We employ this quantization approach for the anisotropic background variables by making the
replacement pq, pq Ñ pβ˘, p˘q in section 6.1.2.

22Here I provide an intuitive example of when the term semiquantum applies for the trajectories:
when in the context of General Relativity we assume we have a regular 4-dimensional spacetime, seen
as a classical object, but now solving quantum corrected equations of motion instead of Einstein equa-
tions, the phase space trajectories are commonly understood as semiclassical. If in the same framework
we refer to a trajectory as semiquantum, we are meant to point out that such space time is not seen as
classical anymore but quantum, and we should focus on the uncertainties of the background, that may
produce ambiguous predictions on quantum observables over that semiquantum background phase
space.
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a quantum model in which the appearance of the term K{q2, with form of a repul-
sive potential, generates a "quantum force" that removes the singularity, since the
point q “ 0 is never reached. When q Ñ 0 , the potential grows unboundedly, cre-
ating an impassable barrier that prevents the geometry from collapse. That yields,
the contracting universe to rebound off the potential at a value q ą 0, initiating an
expansion phase, which is smoothly connected to the contracting one. Later in time,
the potential term quickly decreases, since q increases for the expanding universe,
and therefore, far away from the bounce, the dynamics becomes again (at the level
of expectation values of the basic variables) classical.

This result unlocks a wide-ranging field for scientific investigations. Within
these, our focus is on the inquiry into the possible ambiguities of evolution in the
(semi)quantum regime of the big bounce scenario and the potential observational
impacts.
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3
Unitarily inequivalent quantum
cosmological models

DISCLAIMER: The material presented in this Chapter was originally published
in Phys. Rev. D 105 023522 (2022) (which corresponds to the reference [23]) of
which I am a coauthor. Part of it was also included in my contribution to the
Proceedings of the 2022 Cosmology session of the 56th Rencontres de Moriond
(2022) [arXiv:2203.03924] (Ref. [64]). My contributions to this publication can be
summarised as follows: I participated in defining the two parametrizations of
the classical model and in solving the classical equations of motion. I verified
the derivation of the quantum models and computed the inequivalent potentials
stemming from the quantization ambiguity. I participated in the discussion of the
obtained results, illustrating them with plots. I participated in the preparation of
the paper for publication. I gave talks presenting these results in: "4th PU Interna-
tional Conference on Gravitation and Cosmology" (Lahore, Pakistan in Nov. 2021)
and "NCBJ PhD Seminar 2021" (National Centre for Nuclear Research, Poland in
Mar. 2021).

The inflationary scenario is currently the most accepted model for the origin of
primordial perturbations, from which present cosmological structure evolved. This
means that primordial perturbations are usually studied in the framework of infla-
tion, which assumes a classical homogeneous background spacetime, while only the
small inhomogeneous perturbations are quantized [26]. Quantizing the perturba-
tions is crucial for making accurate predictions of the temperature anisotropies in
the Cosmic Microwave Background (CMB). Due to its success, inflation provides
compelling evidence for the quantum nature of the gravitational field and motivates
further exploration of potential quantum effects in the evolution of the cosmologi-
cal background. This opens up the possibility of alternative cosmological scenarios
that, although using the same mechanism of parametric amplification in generating
primordial structures, rely on quantum background evolution instead of a classical
inflationary phase. In this chapter, we introduce such a scenario, which is based on
the (semi)quantum dynamics of scalar perturbations in a quantum FLRW universe,
where a contracting phase and a quantum bounce play the role of the amplifier of
vacuum fluctuations. We postpone the detailed analysis of the dynamics to the the
next chapter 4, focusing in the present chapter on a fundamental ambiguity in defi-
nitions of quantum bouncing models with perturbations.
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Most bouncing models are either based on a classical (or semiclassical) back-
ground [65, 66]. The purpose of this chapter is to show that there might be some im-
portant caveat that should be taken into account as an unsolved ambiguity, not to be
mistaken with that due to operator ordering (also present but fixed independently),
can emerge in a quantum bouncing scenario. It is worth mentioning that already in
classical backgrounds, the notion of the initial vacuum state depends on the choice of
perturbation variables for quantization as discussed e.g., in [67]. This physical ambi-
guity becomes worse, and concerns the dynamics of perturbations as well, once the
background is quantized. A similar point was considered in recent works [68] for
an inflationary background, leading to a vanishingly small effect. Since the quan-
tum character of the background is emphasized, we shall call the h̄´corrected back-
ground trajectories of our system semiquantum and not semiclassical, as explained at
the end of section 2.4.3.

In what follows, we examine a simple model of a perturbed FLRW universe filled
with a perfect fluid. The classical physical Hamiltonian that generates the dynamics
of such model with respect to the internal clock τ was given in (2.34):

H “ H0 ´
ÿ

k

Hp2q, with

Hp0q “ 2κ0 p2, Hp2q

k “
1
2

|πϕ,k|2 `
1
2

wp1 ` wq2
ˆ

q
γ

˙

4p3w´1q

3p1´wq

k2|ϕk|2.

(3.1)

As we showed in (2.28), this model is classically singular, all trajectories either
expand from a singularity (vanishing scale factor) or contract toward one. However,
as anticipated in 2.4.4, the quantized dynamics of the background sews the contract-
ing and expanding phases, with a Big Bounce.

Before proceeding to the quantization, it is convenient to introduce a conformal
time η for our system, defined in terms of the internal time as Ndτ “ adη, and given
by

dη “ Z2dτ “ p1 ` wq

ˆ

q
γ

˙

2p3w´1q

3p1´wq

dτ, (3.2)

where we made use of Eq. (2.19) and we have defined the function

Zpτq ”
?

1 ` w
ˆ

q
γ

˙
3w´1

3p1´wq

. (3.3)

The singularity is also assumed to happen for η Ñ 0. One then finds the “classical”
conformal time to read

η “
1 ` w
r1 ` r2

ˆ

qBω

γ

˙2r1

τr1`r2 , (3.4)

which is straightforwardly inverted to yield τpηq, and finally

qpηq “ qBω

«

r1 ` r2

1 ` w

ˆ

qBω

γ

˙´2r1

η

ff1{pr1`r2q

9 η
3p1´wq

1`3w , (3.5)

where we have set

r1 “
3w ´ 1

3p1 ´ wq
and r2 “ r1 ` 1 “

2
3p1 ´ wq

(3.6)
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(the reason for introducing r1 and r2 will become clearer later).

3.1 A quantum background

We proceed now to describe our approach to quantization of the background, which
resolves the classical singularity with a bounce. Instead of using the Wheeler-De
Witt equation [69], we use the semiquantum approximation introduced in section
2.4.4 leading to regular, bouncing behaviour.

The phase space for the cosmological background pqpτq, ppτqq is the half-plane
rather than the full plane and hence the usual canonical quantization rules seem
to be inadequate. Therefore, we apply a general quantization scheme of section
2.4.2, which respects the symmetries of the phase space and which takes care of the
factor ordering ambiguity. This method provides all factor orderings in a convenient
parametrization, that is, they are encoded in (yet) unknown parameters that enter
into the symmetrized operator A f version of the classical c-numbers-valued function
of the phase space f . We introduce then a family of quantum models, described by a
set of free parameters that can be computed in the framework of GCS quantization
using the affine group of 2.4.1 for the half-plane. The affine quantization has already
been proposed before for a consistent quantum gravity program [70, 71].

3.1.1 Affine quantization of the background

Since the background phase space is the half plane, we use the covariant integral
quantization method based on the unitary, irreducible and square-integrable repre-
sentation of the affine group in the Hilbert space H “ L2pR`, dxq, introduced in Eq.
(2.84). The affine coherent states are generated by the action of such representation
on a fiducial vector state, denoted here by |ψ0y:

R` ˆ R Q pq, pq ÞÑ |q, py :“ UApq, pq|ψ0y P H, (3.7)

where, for the purpose of quantization, we choose the following family of fiducial
states:

ψ0νpxq “

´ ν

π

¯
1
4 1

?
x

exp

«

´
ν

2

ˆ

ln x ´
3

4ν

˙2
ff

, (3.8)

for the parameter ν ą 0 controlling the quantum uncertainty, such that the condition
of Eq. (2.86) is satisfied, and for which the coefficients introduced in that equation
and Eq. (2.87) read:

ρνpαq “ exp
„

pα ´ 2qpα ` 1q

4ν

ȷ

,

σνpαq “

«

ν

2
`

ˆ

α ` 2
2

˙2
ff

exp
„

αpα ` 3q

4ν

ȷ

,
(3.9)

and are positive definite. Once the above are known, we can apply the quantization
map (2.90), using (2.84), to find the affine coherent state quantization of the following
observables (a detailed example of the explicit computations can be found in, e.g.,



36 Chapter 3. Unitarily inequivalent quantum cosmological models

Appendix of [72]):

A1 “ 1, (3.10a)

Aqα “ apαq pQα, (3.10b)

Ap “ pP, (3.10c)

Aqα p2 “ apαq pQα
pP2 ´ iαh̄apαq pQα´1

pP ` cpαqh̄2
pQα´2, (3.10d)

where pQ and pP are the "position” and "momentum” operators on the half-line: mean-
ing Eqs. (3.10b) and (3.10c) are to be understood as xx|Aqα |ϕy “ apαqxαϕpxq and
xx|Ap|ϕy “ ´ih̄dϕ{dx, where ϕpxq :“ xx|ϕy. They satisfy the usual commutation
relation r pQ, pPs “ ih̄, and therefore r pQα, pPs “ ih̄α pQα´1, so that the symmetric operator
(3.10d) can be written as:

qα p2 ÞÑ apαqpP pQα
pP ` h̄2cpαq pQα´2; (3.11)

The parameters

apαq “
ρpαq

ρp0q
, and cpαq “

1
2

αp1 ´ αqapαq `
σpα ´ 2q

ρp0q
(3.12)

are calculable for the real fiducial vector ψ0νpxq. This family of fiducial vectors was
chosen on purpose such that ap1q “ 1, i.e. ρνp1q “ ρνp0q “ e´1{pνq, as needed to
ensure the usual commutation relation of Quantum Mechanics between the position
variable and its associated canonical momentum rAq, Aps “ iap1qh̄ “ r pQ, pPs “ ih̄.
Hence, numerous quantum models are obtained (depending on ν) from a particular
classical model. However, this arbitrariness does not result in qualitatively distinct
quantum dynamics. Instead, it permits one to freely set numerical parameters in
the quantum Hamiltonian in accordance with the physical intuition or, optimally,
available observational data. We consider this aspect an advantage of the presented
approach over different quantization methods in which one obtains a single quan-
tum model that is totally determined by theory and not adjustable to observational
data.

Thus, the existing ambiguity due to the usual factor ordering when going from
classical to quantum is fully taken care of in this framework by providing actual
numbers for the gothic-style parameters appearing in Eqs. (3.10b) and (3.10d) by
setting some value to ν. Assuming knowledge of these (e.g., by comparison with
some relevant experimental result), one expects the ensuing predictions to be unam-
biguous from the point of view of factor ordering; whatever remaining ambiguity,
as the one detailed below, cannot follow from it. Hence, one might think about the
coherent state quantization based on the fiducial vector as a convenient method for
parametrizing natural ordering ambiguities

From the above mappings, it follows that the application of the affine quantiza-
tion to the background Hamiltonian yields

Hp0q ÞÑ pHp0q “ 2κ0

´

pP2 ` h̄2c0 pQ´2
¯

, (3.13)

with the free parameter being c0 “ cp0q “ σp´2q{ρp0q “ ν{2. The value c0 “ 0,
would correspond to the "canonical quantization" case. However, for the present
method of affine quantization we have c0 ą 0, yielding the repulsive potential
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9 pQ´2, of quantum geometric origin, to naturally prevent the universe from reach-
ing the singular point q “ 0 by reversing its motion from contraction to expansion.
If ν ą 3{2 Ñ c0 ě 3

4 , then pHp0q is essentially self-adjoint and no boundary condition
for the evolution of the wave-function of the universe needs be imposed at pQ “ 0
to ensure a unique and unitary dynamics (see, e.g., Ref. [73] and references therein).
The only way to determine the right value of the parameter c0 (and then ν) is, as sug-
gested above, to compare the predictions of the model with the actual observations
of the Universe.

3.1.2 Phase space semiquantum approximation

We now introduce a semiquantum approximation (as suggested in 2.4.3) to the quan-
tum dynamics of the background geometry. It should be noted that any ambiguous
effect such as the one we obtain here at a semiquantum level may only be enhanced
if a fully quantum description of the background were to be used. We carefully con-
struct the semiquantum trajectory description with the use of affine coherent states.

First we construct wave functions evolving in accordance with (3.13): |ψBpτqy,
that correspond to various energies and have various spreads in pQ and pP. One can
find a wide class of solutions by approximating the Hilbert space with a family of
coherent states, given by state vectors pq, pq ÞÑ |q, py in one-to-one correspondence
with the phase space. The quantum dynamics of the background can be approxi-
mated by confining the quantum motion to a family of the affine coherent states that
we construct with another fiducial vector, | rψ0y. Then, one builds the affine coherent
state for the semiquantum portrait by means of Eq. (2.82):

|qpτq, ppτqy “ eippτq pQ{h̄e´i ln qpτq pD{h̄|rψ0y, (3.14)

The expectation values of pQ and pP in |qpτq, ppτqy are respectively qpτq and ppτq. In
order for the latter statement to be fulfilled, the physical centering conditions (2.83)
of the affine group must be satisfied by the new fiducial state: xrψ0| pQ|rψ0y “ 1 (re-
call q, and therefore pQ, is dimensionless) and xrψ0|pP|rψ0y “ 0. It can be shown that
the fiducial vector ψ0νpxq used for quantization does not satisfy these conditions:
xψ0| pQ|ψ0y “ ρνp´2q “ e3{p2νq ‰ 1. That is precisely the reason why we introduce
the second family of fiducial vector states for the semiquantum approximation, that
yields the expectation values for the momentum and position operators in any co-
herent state, aligned with the phase space point to which a given coherent state is
assigned:

rψ0µ
pxq “

´ µ

π

¯
1
4 1

?
x

exp

«

´
µ

2

ˆ

ln x `
1

4µ

˙2
ff

, (3.15)

where now µ ą 0 is assumed. In addition, this new family must also satisfy the
integrability condition of the affine coherent states (2.86), for the new fiducial state
| rψ0y. The corresponding coefficients for this new family of fiducial vectors are:

ρ̃µpαq “ exp
„

pα ` 1qpα ` 2q

4µ

ȷ

,

σ̃µpαq “

«

µ

2
`

ˆ

α ` 2
2

˙2
ff

exp
„

pα ` 3qpα ` 4q

4µ

ȷ

.
(3.16)
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FIGURE 3.1: Fiducial functions ψ0νp10xq and rψ0µ
px{10q (blue), for

ν, µ “ 1 (thin line), 2 (full), 3 (dashed) and 4 (dotted). For better
readability of the figure, the functions have been shifted so that ψ0ν

appears centered around 0.1 and rψ0µ
around 10. As functions of x,

they should all be centered around x “ 1.

These are also positive definite as expected. It is now clear that ρ̃µp´2q “ 1, as
expected for this description to satisfy the centering condition. However, as ex-
pected, this family of fiducial states, being different from the one employed for
quantization, does not satisfy the canonical commutation rule (on the half-line):
ρ̃p1q “ e3{p2µq ‰ e1{p2µq “ ρ̃p0q. Some example fiducial functions ψ0νpxq and rψ0µ

pxq

are displayed in Fig. 3.1. In some cases, it is possible to select a more general unique
family of fiducial states, typically by assuming it depends on more than just one
quantization parameter (µ or ν here), that satisfy both the commutation rule and the
physical centering conditions.

The evaluation of the expectation value of the Hamiltonian can be obtained by
computing:

xq, p| pQα
pP2|q, py “ ρ̃p´α ´ 1qqα p2 ` iαρ̃p´αqqα´1 p

`

„

σ̃p´α ´ 1q `
αp1 ´ αq

2
ρ̃p´α ` 1q

ȷ

qα´2,
(3.17a)

xq, p| pQα
pP|q, py “ ρ̃p´α ´ 1qqα p ` i

α

2
ρ̃p´αqqα´1, (3.17b)

xq, p| pQα|q, py “ ρ̃p´α ´ 1qqα. (3.17c)

Semiquantum background trajectories

The dynamics of the background confined to the vectors |qpτq, ppτqy can be deduced
from the quantum action

SB “

ż

xqpτq, ppτq|

ˆ

ih̄
B

Bτ
´ pHp0q

˙

|qpτq, ppτqydτ, (3.18)

which, upon using the properties of the state (3.14), can be transformed into

SB “

ż

t 9qpτqppτq ´ Hsem rqpτq, ppτqsu dτ, (3.19)
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with the semiquantum Hamiltonian given by

Hsem “ xq, p|pHp0q|q, py, (3.20)

from which one derives the usual Hamilton equations

9q “
BHsem

Bp
and 9p “ ´

BHsem

Bq
. (3.21)

Given the quantum Hamiltonian (3.13), we find that the semiquantum background
Hamiltonian reads:

Hsem “ 2κ0

˜

p2 `
h̄2K

q2

¸

, (3.22)

where the actual value of the new constant K ą 0 depends on the choice of the family
of coherent states: K “ c0ρ̃p1q ` σ̃p´2q “

´

ν
2 `

2µ`1
4

¯

exp
´

3
2µ

¯

, whose minimum

value Kmin is reached for ν “ 0 and µmin “ p3 `
?

21q{4 « 1.89, at which point one
has Kmin « 2.64. Thus, K ą 0 is positive irrespective of whether c0 “ 0 or c0 ą 0.

We find the solution to (3.21) to read

q “ qB

b

1 ` pωτq2, (3.23a)

p “
qBω2

4κ0

τ
a

1 ` pωτq2
, (3.23b)

where q2
B “ 2κ0h̄2K{Hsem then represents the minimum scale factor volume and

ω “ 2Hsem{ph̄
?
Kq the acceleration at the bounce. We display in Fig. 3.2 a few

trajectories in the phase space illustrating these solutions and comparing them with
their classical counterparts (2.28).

With this semiquantum solution, one can also integrate (3.2) to obtain the con-
formal time η, as a function of τ

η “ p1 ` wqτ

ˆ

qB

γ

˙2r1

F
„

1
2

, ´r1;
3
2

; ´ pωτq
2
ȷ

, (3.24)

where Fpa, b; c; zq is the hypergeometric function (see Sec. 15 of Ref. [74]). As ex-
pected, one recovers the classical power law (3.4) in the late-time limit τ " ω´1,
up to a constant depending on the barotropic index w and vanishing for w “ 1

3 .
Figure 3.3 shows the classical and semiquantum relations ηpτq.

3.2 Classical perturbations

We have explained our quantization of the background spacetime and its semiquan-
tum evolution. In what follows, we discuss the classical and quantum dynamics
of the perturbations to the background spacetime. We restrict our attention in this
section to classical perturbations over the classical background, following the termi-
nology previously introduced.

The reduced phase space is a pair of basic perturbation variables pϕk, πϕ,kq

equipped with the second-order classical Hamiltonian H2
k of Eq. (3.1). There is,

however, no preferred (from the physical point of view) choice of basic variables,
and one is free to perform any canonical transformation in the reduced phase space
prior to quantization. All these classical formulations are physically equivalent. We
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FIGURE 3.2: Background phase space evolutions for different values
of qB and ω: the straight lines represent Eqs. (2.28), either going to or
emerging from a singularity (q Ñ 0), while the curves are the solu-
tions (3.23) leading to the same asymptotic classical lines. The semi-
quantum solution are seen to consist of a bounce smoothly joining

expanding (p ą 0) and contracting (p ă 0) classical universes.
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FIGURE 3.3: Conformal time η as a function of τ, for the classical
(3.4) and semiquantum (3.24) solutions for w “ 0 (thin line), w “ 0.1
(thick), w “ 0.2 (dashed) and w “ 0.3 (dotted). The quantum con-
formal time tends to the classical one up to a constant factor, which

vanishes for “ 1
3 .

consider two examples of them to analyse the potential different results that may
arise from the quantization of these classically equivalent theories.

3.2.1 Fluid parametrization

We name (2.34) the Fluid-parametrization of the second-order Hamiltonian:

Hp2q

k “
1
2

|πϕ,k|2 `
1
2

wp1 ` wq2
ˆ

q
γ

˙4r1

k2|ϕk|2, (3.25)

with r1 defined in (3.6). We call it the fluid-parametrization as for the fluid time τ
the Hamiltonian (3.25) takes a simple form in which its kinetic term is canonical.
The Fourier component ϕk of the perturbation field is a combination of the fluid
perturbation1 δϕk and the intrinsic curvature perturbation δRk, that can be seen in
(2.36). The angular mode wavenumber k ” |k| is the amplitude of the wave vector;
recall that since the FLRW background (2.16) is isotropic, as usual, the initial con-
ditions, and therefore the solutions of the perturbation evolution equation depend
only on the amplitude k and not on its direction k{k. Given our conventions, the
physical dimensions are rϕks “

?
ML and rπϕ,ks “

?
M. The Poisson bracket reads

tϕk1 , πϕ,´k2u “ δk1,k2 . From the Hamilton equations for the perturbation pair, the
equation of motion expressed in the internal time is found to read

:ϕk `

ˆ

q
γ

˙4r1

wp1 ` wq2k2ϕk “ 0. (3.26)

It shows that for radiation, i.e. for w “ 1
3 , which implies r1 “ 0, the dynamics of ϕk

becomes decoupled from the dynamical background.

1The background fluid time τ is actually a combination of the fluid background variable and its
canonical momentum, p1 ` wqτ “ ϕ̄|p̄ϕ|´1{w, as it was defined in Eq. (2.23).
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3.2.2 Conformal perturbations

Another example of canonical fields is provided by the pair pv, πvq, that is commonly
used for solving the dynamics of scalar perturbations in inflationary models. It is
defined by the canonical transformation

vk “ Zϕk, (3.27a)

πv,k “ Z´1πϕ,k `
9Z

Z2 ϕk, (3.27b)

where the function Z is defined in (3.3) above.
It can be noted that in the comoving gauge, one has δϕk “ 0, and thus vk “

´

b

3p1`wq

wκ0
aRk, where Rk is the comoving curvature perturbation (see Eq. (2.37)),

and vk represents the Mukhanov-Sasaki variable for the given mode k [75].
We obtain the second-order Hamiltonian Hp2q

k in terms of pv, πvq, namely

Hp2q

k “
1
2

Z2 ␣|πv,k|2 `
“

wk2 ´ Vclpτq
‰

|vk|2
(

, (3.28)

with the potential Vcl defined through

Vcl “
1

Z4

»

–

:Z
Z

´ 2

˜

9Z
Z

¸2
fi

fl (3.29)

which can be written explicitly in terms of the background canonical variables q and
p as

Hp2q

k “
1
2

p1 ` wq

ˆ

q
γ

˙2r1
#

|πv,k|2 `

«

wk2 ´
8

9q2

ˆ

q
γ

˙´4r1 p2κ0q2p1 ´ 3wqp2

p1 ` wq2p1 ´ wq2

ff

|vk|2

+

,

(3.30)
where we used the background equations of motion.

The coefficient in front of the Hamiltonian (3.30) can be removed by switching to
the internal conformal time η (3.2) [76], in terms of which the potential (3.29) takes
the simpler and usual form Vcl “ Z2{Z (which is the familiar form of the gravita-
tional potential in the Mukhanov-Sasaki equation), where a prime means a deriva-
tive with respect to the conformal time η: (Z1 ” dZ{dη). The double derivative with
respect to the conformal time can be expressed in terms of the internal time as:

d2

dη2 “ Z´4

«

d2

dτ2 ´ 4r1
p
q

d
dτ

ff

(3.31)

The second-order Hamiltonian Z´2Hp2q

k is then found to generate

v2
k `

„

wk2 ´
8

9q2Z4
p2κ0q2p1 ´ 3wq

p1 ´ wq2 p2
ȷ

vk “ 0, (3.32)

which can be written in the usual Mukhanov-Sasaki form

v2
k `

“

wk2 ´ Vclpηq
‰

“ v2
k `

ˆ

wk2 ´
z2

z

˙

vk “ 0, (3.33)
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thereby identifying the classical potential

Vclpηq “
8

9q2Z4
p2κ0q2p1 ´ 3wq

p1 ´ wq2 p2 “
z2

z
, (3.34)

where the last equality is obtained by applying the classical Hamilton equations of
motion for the background dq{dτ “ 4κ0 p, dp{dτ “ 0, and there are in fact two
different and equivalent choices that can be made for the function z, being these
z1 “ qr1 and z2 “ qr2 , namely

Vcl “
pqr1q2

qr1
“

pqr2q2

qr2
“

2p1 ´ 3wq

p1 ` 3wq2η2 , (3.35)

as usual for a background dominated by a perfect fluid with constant equation of
state. These two power laws stem from the fact that although what enters into (3.28)
is Z2{Z, with Z 9 z1, one can then just as well choose the second solution of z2{z “

Z2{Z, namely z2 9 Z
ş

dη{Z2 “ Z
ş

dτ “ Zτ which, taking the background solution
q 9 τ [see Eq. (2.28)] yields z2 9 Zq “ z1q “ qr1`1, as indeed one has r2 “ r1 ` 1.

The internal conformal time provides a convenient form of the equation of mo-
tion for perturbations. We shall, however, quantize the dynamics of both the back-
ground and the perturbations reduced with respect to a unique internal time, the
internal fluid time. The term z2{z is usually referred to as the potential for the pertur-
bations, as Eq. (3.33) is mathematically identical to a time-independent Schrödinger
equation in such a potential [77]. As

Vcl “
z2

z
“

1 ´ 3w
2

H2 (3.36)

has the clear physical meaning of the conformal Hubble rate H squared (w ă 1
3 ), the

conformal Hubble rate determines the coordinate scale at which the amplification of
perturbations starts to take place.

We shall call the set of variables pvk, πv,kq the conformal parametrization, as it
involves naturally the conformal time. It differs from the fluid parametrization (3.25)
by the nontrivial coefficient standing in front of the entire expression as well as the
frequency that now depends on both background variables, q and p.

3.2.3 Solutions for classical perturbations

The two parametrizations described above, pϕ, πϕq and pv, πvq, being related by a
canonical transformation, are physically equivalent and therefore it is sufficient to
solve the equations of motion for just one of them, e.g., the conformal one, in order
to determine the dynamics of perturbations. It is also true at the quantum level [78]
provided the background evolution is described by classical trajectories2.

Using the definition (3.2) to derive the power-law behavior of qpηq in (2.28), the
potential z2{z in Eq. (3.33) is found to yield the specific form (3.35) (independently
of the choice z “ qr1 or z “ qr2), so that the classical evolution of perturbation modes
is

d2vk

dη2 `

„

wk2 ´
2p1 ´ 3wq

p1 ` 3wq2η2

ȷ

vk “ 0. (3.37)

2Or semiclassical trajectories, understood as the ones described at the end of section 2.4.3 (the ones
neglecting the quantum uncertainties), whereas the neologism semiquantum applies to the trajectories
obtained here (without neglecting the quantum uncertainties) by the semiclassical methods described.
We stress the quantum nature of the latter.
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Clearly, the potential Vcl 9 η´2 is singular at the singularity η Ñ 0. The solution can
be expressed in terms of Hankel functions, namely

vkpηq “
?

η
”

c1pkqHp1q
ν

`?
wkη

˘

` c2pkqHp2q
ν

`?
wkη

˘

ı

, (3.38)

where ν “
3p1´wq

2p3w`1q
and c1pkq, c2pkq are constants depending on the comoving wave

vector k through the initial conditions; for quantum vacuum fluctuations in isotropic
spacetime set as initial conditions, they can depend only on the amplitude k and not
on the direction k{k. The solution is finite but discontinuous at η “ 0. Therefore, the
comoving curvature Ψk 9 vk{a in general blows up at η “ 0 where the scale factor
reaches the singularity a Ñ 0; see Ref. [79] for a full treatment of the relevant cases.

3.3 Quantum perturbations

In the present section, we quantize the physically equivalent Hamiltonians (3.25)
and (3.30). Next we apply some approximations in order to integrate the dynamics.

3.3.1 Quantization of fluid parametrization

The canonical perturbation variables of the fluid parametrization satisfy the reality
condition ϕ˚

k “ ϕ´k and π˚
ϕ,k “ πϕ,´k and it is possible to promote their real and

imaginary parts to canonical operators in L2pR2, i
2 dϕkdϕ˚

kq for each direction k. It is,
however, more convenient to work with the Fock representation [80],

ϕk ÞÑ pϕk “

c

h̄
2

”

akϕ˚
k pτq ` a:

´kϕkpτq

ı

, (3.39)

where the time-dependent mode functions ϕkpηq are assumed to be isotropic and ak

and a:

k are fixed annihilation and creation operators that satisfy rak1 , a:

k2
s “ δk1,k2 (we

assume the compactness of space, implying discrete eigenvalues k)3. As shown later,
it follows that the mode functions must satisfy a suitable normalization condition.
Note that the whole evolution of the operators pϕk and pπϕ,k in the Heisenberg picture
is encoded into the mode functions.

Combining the background affine quantization (3.10) with the quantization of
perturbations above, using the definition (3.6) of the classical power laws, yields
the quantized version of Hamiltonian (3.25) in the fluid parametrization (henceforth
dubbed F-parametrization)

pHp2q

k “
1
2

|pπϕ,k|2 `
LQ

2
wp1 ` wq2

˜

pQ
γ

¸4r1

k2|pϕk|2, (3.40)

where LQ “ ap4r1q “ ρp4r1q{ρp0q [see Eqs. (3.10b) and (3.12)] is a free parameter of
the quantization.

3We apply conventional canonical quantization to the perturbation degrees of freedom in Fock
representation, as it is done in the standard framework of inflation. This is due to the fact that we
want to focus on the potential effects resulting from the quantization of the background, for which
we decide to use the enhanced methods of quantization both, because the canonical quantization is
problematic due to the boundary q “ 0, and because it provides a convenient way to parameterise all
the ambiguities. Then, we are able to clearly observe new effects on the propagation of perturbations
quantized canonically, in comparison to the standard inflationary theory with perturbations promoted
in the same way, but in classical background.
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3.3.2 Quantization of conformal parametrization

We repeat the same quantization for the conformal parametrization (C-parametrization
in what follows),

vk ÞÑ pvk “

c

h̄
2

”

akv̄kpτq ` a:

´kvkpτq

ı

, (3.41)

and obtain the quantum Hamiltonian derived from (3.30) as

pHp2q

k “
1
2

p1 ` wq

˜

pQ
γ

¸2r1

MQ Hp2q

k,eff, (3.42)

with

pHp2q

k,eff “|pπv,k|2 `

«

wk2´

´
8M´1

Q

9 pQ2

p2κ0q2p1 ´ 3wq

p1 ´ wq2p1 ` wq2

˜

pQ
γ

¸´4r1
´

NQ
pP2 ` ih̄RQ

pQ´1
pP ` h̄2TQ

pQ´2
¯

ff

|pvk|2,

(3.43)

where MQ “ ap2r1q “ ρp2r1q{ρp0q, NQ “ ap´2r2q “ ρp´2r2q{ρp0q, RQ “

2r2ap´2r2q “ 2r2NQ and TQ “ cp´2r2q “ ´r2p1 ` 2r2qNQ ` σ p´2r2 ´ 2q{ρp0q are
free parameters in the quantization map [see Eqs. (3.10)]. Obviously, these parame-
ters are to a large extent free as the affine quantization depends on the fiducial vector
ψ0νpxq. Note that there are more free parameters and hence more quantization am-
biguities in the C-parametrization (3.43) than in the F-parametrization (3.40).

3.4 Semiquantum perturbations

A general approach to solving the dynamics of quantum perturbations in quantum
bouncing spacetime was recently given in [27]. In what follows, we assume the full
state vector to be a product of background and perturbation states, i.e.,

|ψpτqy “ |ψBpτqy ¨ |ψPpτqy P HB b Hpert, (3.44)

where HB is the Hilbert space of the homogeneous background L2pR`, dxq and
Hpert is the Hilbert space of the inhomogeneous perturbations L2pR2, i

2 dϕkdϕ˚
kq.

The canonical formalism for cosmological perturbations has been developed under
the assumption that the perturbations do not backreact on the background space-
time, and there is no entanglement between the background and the perturbations.
Therefore, the dynamics of |ψBpτqy should be determined independently of the state
|ψPpτqy. This decomposition of the wave-function is called the cosmological Born-
Oppenheimer approximation, in analogy to one with the same name in the field of
molecular physics, employed to simplify the interaction between the nuclei and the
electrons. Its validity for quantum cosmologies is currently debated [81–83].

Such assumption invalidates the use of Schrödinger equation, and instead, a dif-
ferent law for quantum dynamics needs to be derived through the application of
variational principle on the quantum action. Given that the dynamics of the back-
ground state is fixed by |ψBy, the dynamics of the perturbation state |ψPpτqy can be
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deduced from such quantum action at second order Sp0q`p2q “ SB ` SP

Sp0q`p2q “

ż

xψpτq|

˜

ih̄
B

Bτ
´ pHp0q `

ÿ

k

pHp2q

k

¸

|ψpτqydτ, (3.45)

with the state vector |ψpτqy given by (3.44). We extract the zeroth order action SB

that gives (3.18), yielding to the dynamical law,

ih̄
B

Bτ
|ψBpτqy “ Ĥp0q|ψBpτqy, (3.46)

hence assuming, as usual, the Hamiltonian of perturbations to be much smaller than
the one of the background. For the perturbations one finds:

SP “

ż

xψP|

˜

ih̄
B

Bτ
`
ÿ

k

pHp2q

k

¸

|ψPydτ, (3.47)

and setting |ψPy “
ś

k |ψky with xψk1 |ψk2y “ δk1,k2 , one gets the associated Schrödinger
equation for each Fourier mode |ψky (up to an irrelevant phase factor), namely

ih̄
B

Bτ
|ψky “ H̃k|ψky, (3.48)

where the operator H̃k ” ´xψB|pHp2q

k |ψBy is obtained from either (3.40) or (3.42) de-
pending on the choice of parametrization, by evaluating the second-order Hamilto-
nians inside the second family of coherent states |ψBy Ñ |qpτq, ppτqy obtained from
rψ0µ

pxq, as we did for the semiquantum portrait of the background. We discuss those
in turn below.

3.4.1 Fluid modes

Within the semiquantum approximation, one can then proceed to evaluating the
behaviour of perturbations. In the F-parametrization case, the second-order Hamil-
tonian generating the dynamics of perturbations is obtained from (3.40), reading

xq, p|pHp2q

k |q, py “
1
2

|pπϕ,k|2 `
LS

2
wp1 ` wq2

ˆ

q
γ

˙4r1

k2|pϕk|2, (3.49)

where the value of LS “ LQ ρ̃ p´4r1 ´ 1q , depends on the value of LQ from quan-
tization and on the family of coherent states used to approximate the background
dynamics (see Eq. (3.17c)).

The Heisenberg equations of motion are

d
dτ

pϕk “ ´pπϕ,k, (3.50a)

d
dτ

pπϕ,k “ LSwp1 ` wq2
ˆ

q
γ

˙4r1

k2
pϕk, (3.50b)

and it follows from (3.50a) that

pπϕ,k “

c

h̄
2

”

ak 9ϕ˚
k pτq ` a:

´k
9ϕkpτq

ı

, (3.51)
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and hence the canonical commutation rule, namely rpϕ´k, pπϕ,ks “ ih̄, implies the nor-
malization condition on the mode functions 9ϕkϕ˚

k ´ ϕk 9ϕ˚
k “ 2i. By combining the

above equations, we may obtain the second-order dynamical equation for pϕk, which
must also be obeyed by the mode function ϕk. We switch to the internal conformal
clock given by Eq. (3.2) and rescale the mode functions, vF

k “ Zϕk, to make it coincide
with the Mukhanov-Sasaki variable vF

k, already present in the C-parametrization be-
fore the quantization. The superscript “F” indicates that its dynamics is generated by
the fluid Hamiltonian. More specifically, we find that the dynamics of vF

k generated
by the Hamiltonian (3.49) reads

d2vF
k

dη2 `
“

k2
F ´ VFpηq

‰

vF
k “ 0, (3.52)

with the effective wave number kF ”
?
LSwk, and the fluid potential given by

VF “
8

9q2Z4
p2κ0q2p1 ´ 3wq

p1 ´ wq2

„

p2 ´
3p1 ´ wqK

2q2

ȷ

. (3.53)

Note that for large q, i.e. away from the bounce, the quantum correction be-
comes negligible so that the semiquantum potential (3.52) approaches the classical
one (3.30). Indeed, using 9Z{Z “ r1 9q{q and q1 “ 9q{Z2, one finds

Z2

Z
“

r1

Z4

«

:q
q

´ p1 ` r1q

ˆ

9q
q

˙2
ff

, (3.54)

and replacing the function qpτq by the solution (3.23) for the background semiquan-
tum trajectory, it is straightforward to check that, for all times, the potential VF can
be given the familiar form:

VF “
Z2

Z
“

pqr1q
2

qr1
. (3.55)

Since the semiquantum trajectory (3.23) is asymptotic to the classical one (2.28) for
ωτ Ñ 8, i.e. for η Ñ 8, the fluid potential satisfies

VFpηq » Vclpηq for ωτ " 1, i.e.
q

qB
" 1, (3.56)

where Vcl is given by (3.35); it is illustrated in Fig. 3.4.

3.4.2 Conformal modes

The same procedure applied to the conformal parametrization yields

xq, p|pHp2q

k |q, py “
1
2

Z2MS

`

|pπv,k|2 ` Ω2
v|pvk|2

˘

, (3.57)

with

Ω2
v “ wk2 ´

8M´1
S

9q2Z4
p2κ0q2p1 ´ 3wq

p1 ´ wq2

˜

NS p2 `
h̄2TS

q2

¸

, (3.58)

where the free semiquantum parameters are MS “ MQ ρ̃ p´2r1 ´ 1q, NS “

NQ ρ̃ p2r2 ´ 1q, TS “ NQσ̃p2r2 ´ 1q ` TQ ρ̃ p2r2 ` 1q, dependent also on the family
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FIGURE 3.4: The gravitational potentials VC (full line), from (3.60),
and VF (dashed line), from (3.52), as functions of the conformal time
η; the parameter values are chosen as qB Ñ 1, ω Ñ 1, κ0 Ñ 1 and
w “ 0.2 for the purpose of illustration. These potentials are deduced
from the quantum fluid (3.49) and conformal (3.57) Hamiltonians and
the classical Hamiltonian. They all asymptotically decay as η´2 far
from the bounce where they are well-approximated by their classical

counterpart given by Vcl “
2p1´3wq

p1`3wq2η2 (dotted line) [cf. Eq. (4.11)].

of coherent states used to approximate the background dynamics and on the val-
ues of the quantization parameters (see Eq. (3.17)). The canonical commutation rule
implies the normalization condition on the mode functions

9vkv˚
k ´ vk 9v˚

k “ 2ip1 ` wq

ˆ

q
γ

˙´2r1

MS “ 2iZ2MS. (3.59)

After switching to the internal conformal clock, the normalization condition reads
v1

kv˚
k ´ vkv˚1

k “ 2iMS and the Hamiltonian (3.57) is found to generate the following
dynamics of the mode function vC

k (the subscript “C” now indicating that its dynam-
ics is generated by the conformal Hamiltonian)

d2vC
k

dη2 `
“

M2
Swk2 ´ MSNSVCpηq

‰

vC
k “ 0, (3.60)

where the potential reads

VC “
8

9q2Z4
p2κ0q2p1 ´ 3wq

p1 ´ wq2

˜

p2 `
h̄2TS{NS

q2

¸

, (3.61)

whose limit for large q yields back the classical case (3.34). This potential is shown in
Fig. 4.1 for different numerical values of the relevant parameter χ defined as TS{NS “
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χK for later convenience. The usual Mukhanov-Sasaki equation is recovered from
(3.60) provided one defines a rescaled conformal time ς through ς “

?
MSNSη, lead-

ing to
d2vC

k
dς2 `

“

k2
C ´ VCpςq

‰

vC
k “ 0, (3.62)

as expected; in Eq. (3.62), the effective wave number is kC ” k
a

wMS{NS.
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FIGURE 3.5: Same as Fig. 3.4 in logarithmic scale for the potentials,
with different wave numbers (k̄ standing for either kF or kC depend-
ing on the case at hand), illustrating the various possible predictions.
For k̄ „ k̄3, the quantum potentials is not felt by the perturbations,
and only the classical potential induce a nontrivial spectrum. In the
region of wavelengths around k̄ „ k̄2, the perturbations enter the po-
tentials at different points, but the characteristic behavior is more or
less comparable; one would expect in this regime to have different
amplitudes and even perhaps power indices, but an overall similar
shape. For k̄ „ k̄1 on the other hand, the number of entries and ex-
its of the perturbation in and out of the potentials VF and VC being
different, predictions between the two models could radically differ,
e.g. with superimposed oscillations changing the shape of the pri-
mordial power spectrum. A more detailed study is presented in the

next chapter 4

We have seen above that VF “ pqr1q
2

{qr1 . Let us see under what conditions the
potential VC can also be put in a similar form X2{X “ pqrq

2
{qr for a given function
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Xpηq “ qr with a power r to be determined. Straightforward calculation yields

X2

X
“

r
Z4

«

:q
q

` pr ´ 2r1 ´ 1q

ˆ

9q
q

˙2
ff

“
4p2κ0q2

Z4q2 rpr ´ 2r1 ´ 1q

„

p2 `
K

pr ´ 2r1 ´ 1qq2

ȷ

,

where in the second equality we have made use of the semiquantum solution (3.23).
In order to recover the classical limit (3.32), the power r should satisfy rpr ´ 2r1 ` 1q “
2
9 p1 ´ 3wq{p1 ´ wq2, whose two roots happen to coincide with r1 and r2. Setting r “ r1
yields (3.53), with a negative coefficient in the q´2 term (we assume 0 ă w ă 1),
as could have been anticipated. The second root r “ r2 yields instead a positive
coefficient in the q´2 term, and reproduces (3.61) only if we demand that w ă 1

3 and

TS

NS
“

3Kp1 ´ wq

1 ´ 3w
ùñ VC Ñ

pqr2q2

qr2
. (3.63)

Both conformal and fluid potentials in such familiar form are shown in Figs. 3.4 and
3.5. The above combination of semiquantum parameters (3.63) can be expressed in
terms of the parameters of the family of fiducial vectors µ, and ν as:

TS

NS
“

ˆ

1
4

`
µ ` ν

2

˙

exp
„

17 ´ 9w
6µp1 ´ wq

ȷ

, (3.64)

so that the conformal potential can be cast into the usual pqr2q2{qr2 form if the equa-
tion (using the expression for K below Eq. (3.22))

ˆ

µ ` ν `
1
2

˙

exp
„

17 ´ 9w
6µp1 ´ wq

ȷ

“
3p1 ´ wq

1 ´ 3w

„

ν `

ˆ

µ `
1
2

˙

exp
ˆ

3
2µ

˙ȷ

(3.65)

has non trivial solutions for µ, ν ą 0, which indeed it has for w ă 1{3 (see Appendix
of [23]).

Difference between both semiquantum perturbation theories

It is clear from (3.53) and (3.61) that the two equivalent parametrizations of the clas-
sical model induce two inequivalent quantum theories, as is clear from Figs. 3.4 and
3.5 showing a comparison of the respective gravitational potentials. The difference
is perhaps even clearer when the gravitational potentials are given in the familiar
form based in the configuration space and the semiclassical variable q is raised to
two distinct powers, i.e. r1 “ 3w´1

3p1´wq
and r2 “ 2

3p1´wq
. In some sense these two

parametrizations are exhaustive in regard to the quantization ambiguity as these are
the only powers possible for theories that satisfy the classical limit, as follows from
our discussion below (3.33).

The source of the ambiguity is the nonlinearity of the theory of gravity. Since the
quantization concerns both the linear perturbations and the background variables,
the transformation of the perturbation variables (3.27) is nonlinear (i.e., at the quan-
tum level the transformations do not enjoy a unique unitary representation consis-
tent with Dirac’s canonical quantization rule of basic variables, that only works for
simplest observables), contrary to the situation of Ref. [78], and therefore, it leads to
unitarily inequivalent theories.

In our framework, the non-equivalence is responsible for the discrepancy be-
tween the two semiquantum F-potential (3.53) and C-potential (3.61). The formula
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(3.40) that is used to derive the F-potential, through the Heisenberg equations of
motion, is a function of Q̂ only. On the other hand, the C-potential comes from the
expectation value of a compound observable, involving both Q̂ and P̂, and given in
(3.43). These two potentials cannot coincide because the classical relations between
basic and compound observables do not apply to the expectation values of the re-
spective operators due to the quantum uncertainty

`

xVpQ̂, P̂qy ‰ VpxQ̂y, xP̂yq
˘

.

3.5 Brief discussion of results

In this chapter we have derived a compact cosmological model in which quantum
gravitational effects play a crucial role, resolving the classical singularity to a bounc-
ing scenario. Our model consists in general relativity coupled to a perfect fluid with
constant equation of state p “ wρ. Classically, the FLRW solution starts out of or
contracts to a singularity at which the scale factor a vanishes. The perturbations
around such a background also generally diverge at the singularity.

By quantizing the background, factor ordering ambiguities permit to add a re-
pulsive potential term to the zeroth order Hamiltonian, whose strength remains to be
determined. Choosing the canonical ordering removes it altogether, while choosing
any other ordering fixes the potential. The fact that the trajectories are nonsingular
results from our definition of these trajectories as expectation values. For coherent
states, that leads to Eq. (3.23). The ordering ambiguity also translates into the fact
that the coefficients appearing in this equation, i.e. the minimum scale factor qB and
its acceleration ω at the bounce, are free parameters which cannot be calculated from
first principles, but should be constrained, ideally, from observations. In that sense,
the ordering ambiguity is always present in our model and, at the perturbation level,
is conveniently encoded in the free parameters LQ, MQ, NQ, RQ and TQ.

Assuming a coherent state to describe the evolution in terms of an actual space-
time, i.e. a trajectory apτq for the scale factor, one can then calculate a phase space tra-
jectory which, thanks to the quantum effective potential in the background Hamil-
tonian, smoothly connects the contracting and expanding solutions, avoiding the
singularity in the process. Most model-building approaches would then identify
these bouncing trajectories as what is commonly understood by semiclassical, and
would then go on to quantize the perturbations on top, without accounting for the
uncertainties of the background introduced in (3.40) or (3.43) and encoded in the
quantization parameters. For instance, in the framework of cosmological perturba-
tion theory based on inflation, plugging such a semiclassical solution into the per-
turbation action does not lead to any ambiguity as one then merely quantizes the
perturbation modes, keeping their classical and quantum canonical transformations
equivalent4. By doing so, one would then be allowed whatever canonical transfor-
mation on the perturbation variables, leading to classically and quantum mechan-
ically indistinguishable theories5. Here however, we take seriously the quantum
nature of the background time development and show that the classically harmless
canonical transformations lead to unitarily inequivalent theories with potentially
different physical predictions: the bouncing trajectories are semiquantum and not
the typical semiclassical.

4In the sense that the transformations are kept linear, enjoying a unique unitary representation
consistent with the Dirac’s rule of quantization: "Poisson bracketÑ Commutator", which does not
apply in our theory by the quantum nature of background variables inside the compound function Z
in (3.27), obstructing the quantum equivalence of the basic perturbation variables.

5The calculations we showed concern the scalar part of the perturbation, but is not restricted to it,
the tensor component being also presumably affected by a similar ambiguity.
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Summarizing, we found that upon quantizing the background to regularize the
classical singularity, one finds two qualitatively different perturbation theories. It is
important to note that had the background dynamics been given by a classical or
semiclassical trajectory, singular or nonsingular, the relation between the two quan-
tum perturbation theories would be unitary as the change of perturbation variables
would be given by a linear (time-dependent) canonical transformation. However,
the introduction of a background wave function and the subsequent replacement of
the background variables with the respective expectation values is not equivalent
to the background following an actual trajectory. One should not be misled by the
existence of semiquantum trajectories in Fig. 3.2, representing in such plot expec-
tation values of q “ xQ̂y and p “ xP̂y only; they cannot be assumed to provide a
semiquantum dynamics, meaning that they cannot be used to determine the other
expectation values that are involved in the transformation (3.27) between the two
sets of perturbation variables.

To explicate the matter further, in this instance, the notion of a classical or even
semiclassical spacetime in which quantum perturbations evolve needs be replaced
by a more general notion of "quantum spacetime" that violates the properties of clas-
sical geometry. The perturbation fields do not propagate in a fixed spacetime any-
more, and the discrepancies between the evolutions of different perturbation vari-
ables reflect the quantumness of spacetime.

In conclusion, we showed that there exists an ambiguity in the choice of relevant
basic perturbation variables over a quantum background, that might potentially lead
to incompatible observational physical predictions.
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4
Ambiguous power spectrum in a
quantum bounce

DISCLAIMER: The material presented in this Chapter is originally included in
a paper submitted for publication in Phys. Rev. D (which corresponds to the
reference [84]) of which I am a coauthor. Part of it was also included in my contri-
bution to the Proceedings of the 2022 Cosmology session of the 56th Rencontres
de Moriond (2022) [arXiv:2203.03924] (Ref. [64]). ). My contributions to this publi-
cation can be summarised as follows: I solved both analytically and numerically
the dynamics of the perturbations in both parametrizations, and obtained the fi-
nal amplitude spectra. I also solved the dynamics in the simplifying ansatz that
involved the Dirac delta as a part of the gravitational potential in order to explain
the origin of the dynamical ambiguity. I produced the plots showing the dynamics
of the modes and the spectral dependence of the primordial perturbation ampli-
tude. I participated in the discussion of the obtained results. I participated in the
preparation of the paper for publication. I gave talks presenting these results (and
the ones from the previous chapter) in: "56th Rencontres de Moriond 2022 – Cos-
mology" (La Thuile, Italy in Jan. 2022) and "NCBJ PhD Seminar 2022" (National
Centre for Nuclear Research, Poland in Mar. 2022).

As found in the previous chapter, simple re-scalings of the curvature perturba-
tion, in a Friedmann universe, by powers of the scale factor prior to quantization
produce different gravitational potentials in the Mukhanov-Sasaki equation, thereby
making the dynamics of the perturbation depend on the choice of the field variable
employed in its quantization. This ambiguity stems from the non-classical nature of
the background evolution. In the present chapter we begin the study of the physi-
cal consequences of this ambiguity, trying to identify all possible and inequivalent
predictions for primordial power spectrum from a quantum bounce 1 [84]. If the in-
finitely many gravitational potentials found (depending on infinite possible values
of the different semiquantum parameters) actually lead to infinitely many different
physical predictions, then the theory could be considered unphysical.

1We find relevant to note here that we view our framework of quantum perturbation fields in
quantum spacetime as a truncation (better or worse) of a full theory of quantum gravity. In order for a
truncation to be consistent, it should make use of a unique internal time variable (in which the dynam-
ics of the full theory is assumed to be naturally expressed) for quantizing and describing all dynamical
variables, both for the background and the perturbations. We emphasize that our framework satisfies
this requirement. Nevertheless, even if many internal time variables are available, the particular choice
one makes does not seem to be crucial for the physical predictions of quantum gravity (since this is not
a topic of this thesis, we refer the interested reader to some works devoted to this issue [85–88]).
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We explore whether the primordial power spectrum described previously in the
literature [13, 14, 27, 77] constitutes the only possible solution in a bouncing cosmol-
ogy. We find it important to seek other possibilities because, according to the present
knowledge, the simplest quantum bouncing cosmologies produce blue-tilted power
spectrum contrary to inflationary predictions and observational results.

In this context, we pose the natural question of whether the Mukhanov variable
remains a preferred choice for describing scalar perturbations in a fuller, more quan-
tum description of the primordial universe or perhaps it should be replaced with
another, better-suited, variable. In inflationary models it is convenient to use the
Mukhanov variable because it allows to asymptotically define a quantum vacuum
in the same way as for flat spacetime. However, it is not the only possible choice for
the perturbation variables even in the context of inflation as discussed, e.g., in [67].
In a fully quantum universe, the issue is even less clear as the choice of perturbation
variables can influence both the definition of the initial state as well as its dynamics.
Similarly, in late universe, with completely classical description, one usually finds it
more suitable to employ the Bardeen potential, rather than the Mukhanov variable
that actually becomes singular, i.e., it blows up, in a matter-dominated universe.

4.1 The ambiguity

The perturbation mode functions of the both semiquantum models presented in the
previous chapter (3.4.1 and 3.4.2) follow a dynamical law in the form of Mukhanov-
Sasaki equation (for the generic label s “ F or C):

dṽs
k

dη2 `
`

k2
s ´ Vs

˘

ṽs
k “ 0, (4.1)

up to redefinitions of time and wavenumber, the latter taking as possible values:
kF “

?
wLSk and kC “

?
wMSNSk. The two potentials for each semiquantum theory

read (assuming h̄ “ 1):

VF “
8p2κ0q2p1 ´ 3wq

9p1 ´ w2q2q2

ˆ

q
γ

˙´4r1
ˆ

p2 ´
3p1 ´ wqK

2q2

˙

, (4.2a)

VC “
8p2κ0q2p1 ´ 3wq

9p1 ´ w2q2q2

ˆ

q
γ

˙´4r1
ˆ

p2 `
TS{NS

q2

˙

, (4.2b)

They differ in the numerical coefficient of the last term 9q´2, namely TS{NS in
(4.2b) and ´ 3

2 p1 ´ wqK in (4.2a) with K ą 0. Setting the coefficient of conformal
parametrization to χK defines the (free) ambiguity parameter:

χ “
TS

NSK
, (4.3)

and the Fluid parametrization results when the combination of the free semiquan-
tum parameters defining χ takes the exact value:

χF :“ ´
3
2

p1 ´ wq (4.4)
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which is always negative as w ă 1. Then, we write the generic potential as

Vχ “
8p2κ0q2p1 ´ 3wq

9p1 ´ w2q2q2

ˆ

q
γ

˙´4r1
ˆ

p2 `
χK

q2

˙

, (4.5)

which, upon using the background solution (3.23) and expressing K and Hsem in
terms of qB, ω and κ0, namely

K “
q4

Bω2

16κ2
0

and Hsem “
q2

Bω2

8κ0
, (4.6)

becomes

Vχ “
2ω2

9Z4
1 ´ 3w

p1 ´ wq2
χ ` pωτq2

r1 ` pωτq2s
2 , (4.7)

with (recalling Eq. (3.3))

Z “
?

1 ` w
ˆ

q
γ

˙r1

, (4.8)

As it was previously shown, there are two special values for χ, namely χ “ χF

for which the potential is VF “ pqrF q2{qrF , and

χ “ χC :“
3p1 ´ wq

p1 ´ 3wq
, (4.9)

leading to VC “ pqrC q2{qrC , where now, due to the power law in the familiar form of
the potential for each parametrization (3.55) (3.63), we rename such power laws (3.6)
as:

rF “ r1 “
3w ´ 1

3p1 ´ wq
, and rC “ r2 “ 1 ` rF “

2
3p1 ´ wq

. (4.10)

implying 2
3 ď rC ď 1 with 0 ď w ď 1

3 . From now on, the latter will be the range
of the barotropic index we are concerned with. It can be argued that these values,
naturally reproducing the degenerate classical case

Vcl “
pqrF

cl q
2

qrF

cl
“

pqrC

cl q2

qrC

cl
“

2p1 ´ 3wq

p1 ` 3wq2η2 , (4.11)

with qcl and pcl the classical solutions (2.28), are the only physically acceptable ones.
This argument is reinforced by the fact that χF and χC imply the potential to de-
pend only on the background quantities w and K, in agreement with the idea of
perturbation theory. We shall however in what follows assume that χ is an arbitrary
real parameter and restrict attention to these particular cases whenever necessary.
Fig 4.1 shows such possible cases, including the situations χ ă χF “ ´1{rC and
χ ą χC “ ´1{rF, illustrating that these extreme points do not lead to anything par-
ticular in the shape of the potential apart from the fact that they permit a simple
writing of it. In fact, in the large time limit ωτ " 1, the term in χ in (4.7) is in any
way negligible and it can be checked explicitly that the classical case (4.11) is also
recovered for any value of χ.

One can also note that the potential Vχ in (4.7) can be given a simple form for an
arbitrary χ, namely

Vχ “ α2
χ

pqrχ q
2

qrχ
, (4.12)
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FIGURE 4.1: The conformal potential in the generic form Vχ sourcing
the perturbations for w “ 0.2 and different values of the phenomeno-
logical parameter χ “ TS{pNSKq. They all converge far from the
bounce where they behave as Vcl [Eq. (4.11)] shown as a thin line. The
two extreme with χ “ χFpwq “ 3

2 pw ´ 1q and χ “ χCpwq “
3p1´wq

1´3w ,
for which, respectively, VC “ pqrF q2{qrF prF “ r1q and VC “ pqrC q2{qrC

prC “ r2q are shown as full thick lines, while the dotted curves rep-
resent a selection of values between these extreme. For χ “ χF one
recovers the fluid parametrization from the generic potential. The
dashed curves are for χ ă χF and χ ą χC. For χ “ 0, the potential

vanishes at the bounce.

with

α2
χ “

2p1 ´ 3wqχ2

9p1 ´ wq2 r1 ` p1 ` 2rFq χs

and
rχ “

1
χ

` rF ` rC.

One can check that for w Ps ´ 1
3 , 1

3 r , α2
χ is indeed positive definite, varying from

αχF “ 1 to αχC “ 1 with α0 “ 0. In what follows, we assume rF ď rχ ď rC, which is
equivalent to χF ď χ ď χC.

The ambiguity is clear from Fig 4.1: the parameter χ stems from the arbitrary
choice that is made among various classically equivalent theories to quantize. Once
this choice is made, and the factor ordering is taken care of, the potential for the
perturbations is completely fixed, but it depends on the actual value of χ, which is
a priori not fixed by any physical principle. The resulting spectrum, to which we
now turn, therefore also depends on this unphysical parameter, thereby leading to
ambiguous physical predictions.

A more detailed examination of Eqs. (4.2b) and (4.2a) however shows that the
ambiguity is twofold. Using the fluid parametrization yields χF “ 3

2 pw ´ 1q ă 0,
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which is entirely fixed once the barotropic index of the equation of state w and the
background solution (3.23) are known. On the other hand, the conformal case de-
pends on χ “ TS{pNSKq, which is not fixed by the background but rather by the
quantization procedure, with the special case χ “ χC “

3p1´wq

1´3w ą 0 again fixed by
the equation of state. Therefore, the first question to address concerns the sign of χ
and its numerical value.

4.2 Spectral indices of the semiquantum models

After having described the ambiguity in the equation of motion, let us now solve the
quantum dynamics of the perturbation modes, which we do first numerically and
then analytically. We investigate the amplitude of the perturbations as a function of
time for various wavenumbers k, and focus on its dependency on the free parameter
of the conformal parametrization χ, with the generic form of the potential (4.5).

We shall work in the Heisenberg picture of dynamics and assume the pertur-
bations to be in a fixed vacuum state that is the ground state that minimizes the
quantum Hamiltonian (3.49) or (3.57) for all modes of interest in the large contract-
ing universe (η Ñ ´8). It can be shown [80] that in order for the vacuum state to
be the ground state of the quantum Hamiltonians in the infinite past τ, η Ñ ´8, the
mode functions have to satisfy (up to irrelevant phase), respectively

vχ
k

ˇ

ˇ

ηini
“

1
a

2kχ
and

dvχ
k

dη

ˇ

ˇ

ˇ

ηini
“ i

c

kχ

2
, (4.13)

where we used the vanishing of the gravitational potential in the infinite past2.
Equipped with the initial conditions (4.13), we now proceed to solve the mode equa-
tion (4.1) only for the two special cases rχ “ rC (χ “ χC) and rχ “ rF (χ “ χF). In
following sections we complement such solution with an analysis for an arbitrary
value of χ.

4.2.1 Numerical integration

Since the potential Vχ is known explicitly as a function of the internal time τ as
shown in Eq. (4.7), it turns out to be technically more tractable to switch back to τ to
solve Eq. (4.1), even though, for the sake of clarity, we plot the results in terms of the
conformal time, substituting the numerical value for τpηq in the solution. Given the
relationship (3.2) between both times, we have d{dη “ Z´2d{dτ and therefore

d2

dη2 “
1

Z4
d2

dτ2 ´
1

Z6
dZ2

dτ

d
dτ

, (4.14)

2The initial conditions of Eq. (4.13), are, strictly speaking, approximate in the general situation. In
the fluid parameterization for instance, the time derivative should read

dvF
k

dη
“ i

c

kF

2
´

1
p1 ` wq

?
2kF

1
q´rF

d
`

q´rF
˘

dη
,

the second term originating from the fact that it is the field ϕ rather than v that is quantized in this
case. As initial conditions are set for |τ| " 1, one can there use the asymptotic behaviors 9q{q „ τ´1 and
η „ τrF`rC , (see Ref. [23]) to write the extra term in the time derivative of vF

k as p3w ´ 1q{rp1 ` wqp1 `

3wq
?

kFηs: setting initial conditions sufficiently deep into the contracting phase (η ă 0 and |η| " 1)
then permits to neglect such a term for all parameterizations.
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so that the perturbation equation of motion for the Mukhanov-Sasaki variable, namely

d2vχ
k

dη2 `
“

k2 ´ Vχpηq
‰

vχ
k “ 0, (4.15)

reads, plugging the semiquantum solution (3.23) for the generic χ´parametrization
(with χ “ F or C).

d2vχ
k

dx2 ´
2rFx

1 ` x2

dvχ
k

dx
`

«

ˆ

qB

γ

a

1 ` x2

˙4rF

p1 ` wq2k̃2
χ ´

2ω2p1 ´ 3wq

9p1 ´ wq2
χ ` x2

p1 ` x2q
2

ff

vχ
k “ 0,

(4.16)
where kχ denote the wavenumber in the respective parametrizations, and we set
k̃χ :“ kχ{ω as well as x :“ ωτ. This solution is valid for any arbitrary value
of χ, however in this section we show the results only for the two special cases
χ “ tχF, χCu, since the later presented analytical solution is only available for such
values. In what follows, we drop the index χ both for the mode function and the
wavenumber as there is no risk of confusion; we will restore the index when we
specify the calculation for the fluid or conformal parametrization (with χ “ χC only
in the latter).

Once the initial conditions (4.13) are similarly expressed in terms of the fluid time
τ, the numerical integration of the above equations allows to follow the dynamics of
the amplitude of curvature perturbations (we follow the convention of Ref. [89], up
to a normalisation factor “

?
V0{p2πq which we merely set to unity),

δrk, τpηqs “
|vk|

a
k3{2 “ k3{2|vk|

ˆ

q
γ

˙´rC

, (4.17)

where we made use of the definition (2.19) of the scale factor a in terms of the vari-
able q. We focus in this section to the special cases χ “ χF and χ “ χC.

Although the amplitude is dynamical, it reaches a plateau right after the bounce
when the perturbations have been amplified, and thus remains roughly constant
for a significant fraction of its period; this corresponds to the constant (or growing)
mode when the perturbation is dominated by the potential. This is illustrated in
Fig. 4.2, where the dynamics of the amplitude of a selected mode in both parametriza-
tions and for three different barotropic indices w. This constant value of the ampli-
tude right after the bounce is called the primordial amplitude, and we shall study
its dependence on the wavenumber k.

We have solved the perturbation equations for many values of k, both and calcu-
lated their primordial amplitude at the time of potential-crossing (also called ‘exit’
time) ηcross (or simply ηC) at which the mode exits the potential, i.e. for which
VpηCq “ k2. The mode evolution shown in Fig. 4.2 yields the full spectrum, plotted
in Fig. 4.3. One finds two different power laws for the two different parametriza-
tions, as expected, thereby emphasizing the ambiguity at the physical prediction
level. Our analytic estimates below for the spectral indices represent very accurate
fits for the numerics.

4.2.2 Analytical Integration

We now follow the calculation made in [13] for the case of tensor perturbations,
transcribed to the scalar modes, consisting in setting a piecewise approximation to
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FIGURE 4.2: Conformal time development of the perturbation am-
plitude (4.17) for the mode k “ 10´5 and three different barotropic
indices, namely w “ 0.1 (dotted), w “ 0.2 (dashed), and w “ 0.3
(solid). Both parametrizations, fluid (bottom, χ “ χF) and conformal
(top, for χ “ χC), are shown. Also indicated is the time ηcross at which
the mode exits the potential, i.e. for which Vpηcrossq “ k2. Here and in
the following figures, the background parameters used are fixed by

setting κ0 Ñ 1, Hsem “ 21`w and K “ 100 in (3.23).

the solution of our general differential equation

d2vk

dη2 `

„

k2 ´
pqrq

2

qr

ȷ

vk “ 0, (4.18)

where we set α2 Ñ 1 as we are only interested in the solution for r “ rF and r “ rC.
We begin by noticing that long before the bounce, at times for which the modes
propagate freely, i.e. when k2 " |V |, the potential is well approximated by its classi-
cal counterpart (4.11). In this regime, the modes are given by

vkpηq “
a

´η
”

c1Hp1q
ν p´kηq ` c2Hp2q

ν p´kηq

ı

, (4.19)

where ν “
3p1´wq

2p1`3wq
and Hp1,2q

ν are the Hankel functions of the first and second kinds;
the minus signs appearing in (4.19) account for the fact that η ă 0 in the contract-
ing phase. Since, for p´kηq " 1, one has the asymptotic relations Hp1q

ν p´kηq „
b

´2
kηπ e´irkη`pν` 1

2 qs and Hp2q
ν p´kηq „

b

´2
kηπ eirkη`pν` 1

2 qs, the initial conditions (4.13)

that impose the Bunch-Davies vacuum yield c1 “ 0 and c2 “
a

π{2 e´i π
2 pν` 1

2 q. This
implies that at the time ηini “ ´ηcross of the potential crossing k2 “ Vpηcrossq, namely

ηcross “

a

2p1 ´ 3wq

p1 ` 3wqk
“:

xw

k
, (4.20)

thereby defining the dimensionless variable xw depending only on the barotropic
index w, the initial conditions for the following potential domination era read

vkpηinq “
C

?
k

and v1
kpηinq “ D

?
k, (4.21)
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FIGURE 4.3: Primordial density fluctuation power spectrum
δrk, τpηcrossqs measured at the crossing time ηcross defined in (4.20) and
shown in Fig. 4.2. Both the fluid F´(bottom) and the conformal (for
χ “ χC) C´(top) parametrizations are displayed for three different
fluids as in Fig. 4.2, namely w “ 0.1 (circles), w “ 0.2 (triangles) and
w “ 0.3 (squares). The approximate analytical solutions [Eqs. (4.38)
and (4.37) below] are shown as superimposed solid lines for each nu-
merical calculation, exemplifying the validity of the approximation.

where
C “ c2

?
xwHp2q

ν pxwq (4.22)

and

D “
c2

2

#

Hp2q
ν pxwq
?

xw
`

?
xw

”

Hp2q

ν´1pxwq ´ Hp2q

ν`1pxwq

ı

+

. (4.23)

From the potential crossing conformal time ηcross, one can derive the fluid time
τcross, which depends on the wavenumber k of a given mode. In the classical approx-
imation, i..e assuming this crossing takes place in a regime for which the potential is
well approximated by the classical potential (4.11), one finds

xcross “ ωτcross “

ˆ

qB

γ

˙

2p1´3wq

1`3w
„

k
ω f pwq

ȷ´
3p1´wq

1`3w

, (4.24)

where f pwq “
a

2p1 ´ 3wq{r3p1 ´ w2qs.
Once a given mode crosses the potential, we assume the potential to instanta-

neously take over the dynamics of the perturbations, so that (4.18) becomes (zeroth-
order in k):

d2vk

dη2 ´
pqrq

2

qr vk “ 0, (4.25)

whose general solution is found to be

vk “ rqpηqs
r
"

Aχ ` Bχ

ż η

dη̃ rqpη̃qs
´2r

*

, (4.26)
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where Aχ and Bχ are integration constants, later to depend on k because of the
matching with initial conditions.

In order to use the solution (4.26), one needs to express the background motion
q given by (3.23) as a function of the conformal time η. It turns out that Eq. (3.2) can
be integrated to yield

η “ p1 ` wq

ˆ

qB

γ

˙2rF

τF
„

1
2

, ´rF;
3
2

; ´pωτq2
ȷ

,

with F an hypergeometric function (see Ref. [23] for details). We can perform the
integrals in fluid time using the relation (3.2) and obtain the solutions in terms of τ,
absorbing the choice of the initial time η0 into the constants

vk “

ˆ

q
γ

˙r "

Aχ
k ` ωτF

„

1
2

, r ´ rF;
3
2

; ´pωτq2
ȷ

Bχ
k

*

, (4.27)

where

Aχ
k “ Aχ and Bχ

k “
Bχ

ωp1 ` wq

ˆ

qB

γ

˙2pr´rFq

are unknown functions of the wavenumber k.
The solution (4.27) is valid for the special cases of both the above parametriza-

tions and, setting r Ñ rF (recovering fluid) or r Ñ rC “ 1 ` rF (within conformal)
yields

vF
k “

ˆ

q
γ

˙rF
`

AF
k ` BF

k τ
˘

(4.28)

and

vC
k “

ˆ

q
γ

˙rC
“

AC
k ` BC

k arctanpωτq
‰

. (4.29)

Given the form (4.17) of the amplitude of curvature perturbations, one needs to eval-
uate pq{γq´rC |vk| in the large time limit |τ| " 1, which yields

δ9

«

Aχ
k ˘

?
π

2
Γ
`

r ´ rF ´ 1
2

˘

Γ pr ´ rFq
Bχ

k

ff

|ωτ|
r´rC

` Bχ
k

e´2iπpr´rFq

1 ´ 2pr ´ rFq
|ωτ|

rF´r ,

(4.30)

in which the ˘ sign in the first line corresponds to the sign of τ. One notes that for
the values of interest r “ rF and r “ rC, this amplitude reads (recall rC ´ rF “ 1)

δF “ δprFq9
AF

k
|ωτ|

` BF
k , (4.31)

and

δC “ δprCq9

´

AC
k ˘

π

2
BC

k

¯

´
BC

k
|ωτ|

. (4.32)

These two distinct solutions both exhibit a constant mode and a decaying one, and
therefore provide a constant amplitude for the primordial spectrum.

As we assume w ă 1{3, the potential (4.7) is positive definite for χ ą 0 with a
maximum at η “ 0. For χ ă 0 on the other hand, this potential has two positive
maxima and a negative minimum at η “ 0, so that the modes cross the potential at
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four different times (see Fig. 4.1). Given the symmetry of Vχpηq, the relevant modes
enter the potential for the first time at ηin “ ´ηC and exit for the last time at ηout “ ηC

in regions where it behaves classically (i.e. for |ωτ| ! 1). Fig. 4.1 also shows that for a
range of values of r, including in particular the fluid parametrization, the modes also
exit and re-enter the potential another time between those points, when quantum
corrections cannot be neglected. Due to the shape of the potential, there exist short
periods of time during which the value of k dominates over the value of Vχpηq, i.e.
in the neighbourhoods of ˘η0 defined by Vχp˘η0q “ 0. It turns out the potential
is rather steep close to those points, with a high negative slope when the modes
exit and a high positive slope when they re-enter later. For the large wavelengths
relevant to the cosmological framework, this time interval is sufficiently small that
the approximation, assumed in what follows, of neglecting it altogether, holds. It
should be mentioned however that in that case, the potential becoming negative, the
behaviors of the modes may be quite different; we shall see below how this should
be taken care of.

Combining the matching conditions (4.21) at the time (4.24) with the potential-
domination solutions (4.28) and (4.29) yields the coefficients AF, AC, BF, and BC as
functions of k. To leading order in k ! 1, one gets

AF
k “

ˆ

qBω f
γ

˙
1´3w
1`3w

rrCC ` p1 ` wq f Ds k´
3p1´wq

2p1`3wq (4.33)

and

BF
k “ f

ˆ

qBω f
γ

˙´ 1´3w
1`3w

rrFC ` p1 ` wq f Ds k
3p1´wq

2p1`3wq (4.34)

We note that AF
k and BF

k have inverse k dependence, so that, in the large wavelength
limit, AF

k " BF
k . For the conformal case, one finds

AC
k “

π

2
BC

k ` C
ˆ

qB

γ

˙´ 2
1`3w

k
3p1´wq

2p1`3wq (4.35)

and BC
k “ γAF

k{qB, relations that can also be obtained just by equating (4.28) and
(4.29) and their derivatives at the matching point; we kept the subdominant term in
BC

k in (4.35) for further convenience.
The last step consists in substituting the above expressions into the primordial

amplitude spectrum (4.17), keeping the highest order terms in k ! 1, assuming 0 ď

w ď 1
3 . This yields

δχpkq “ Apw, χqω f
ˆ

k
ω f

˙npw,χq

(4.36)

where the amplitudes

Apw, χFq “

ˆ

qB

γ

˙´ 2
1`3w

|prF ` rCq C ` 2p1 ` wq f D| (4.37)

and

Apw, χCq “ π

ˆ

qB

γ

˙´ 6w
1`3w

|rCC ` p1 ` wq f D| (4.38)
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FIGURE 4.4: Numerical primordial amplitude power spectrum at the
crossing point for w “ 0.1 and various values of χ; in that case,
χF “ ´1.35 and χC » 3.86. From top to bottom: χ “ 9, χ “ χC

(thick line), χ “ 2, χ “ ´0.1, χ “ ´1.5 (dashed), and χ “ ´1.3. This
illustrates the fact that although the amplitude depends on χ, the in-
dex remains given by (4.40) provided χ ‰ χF (not shown). For χ ą χF,
the conformal amplitude is seen to decrease as χ Ñ χF. It increases

again for χ ă χF (the dashed line).

as well as the spectral indices

npw, χFq “
3p1 ` wq

1 ` 3w
, (4.39)

and

npw, χCq “
6w

1 ` 3w
, (4.40)

differ to yield effectively distinguishable predictions: the power spectrum be-
ing the square of the fractional energy density, i.e. PSpkq “ δ2

χ 9 knS´1, one
finds two different power indices, namely that given by the fluid parametriza-
tion nF

S ´ 1 “ 6p1 ` wFq{p1 ` 3wFq (i.e. wF „ ´0.988 to agree with the CMB Planck
data [48]), and nC

S ´ 1 “ 12wC{p1 ` 3wCq for the conformal one (i.e. wC „ ´2.9 ˆ

10´3); it is the latter expression which is usually assumed [14]. Fig. 4.3 shows, for
various values of the equation of state parameter w, by superimposing the results,
that the predicted spectra (4.37) and (4.38), agree with the numerical calculation.

4.3 A tale of two indices

Solving Eq. (4.15) analytically for arbitrary values of χ is not possible because of the
parameter αχ in (4.12), as it is only for αχ “ 1, i.e. for χ P tχF, χCu, that the analytic
solutions (4.26) are valid. Given that this parameter comes from the quantization
process and is thus seemingly arbitrary, one may reasonably worry that the spectral
index of scalar perturbations might depend on its exact value, the theory therefore
loosing its predictive power. Indeed, for the two values for which one can solve the
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mode equation, one already obtains an ambiguity as the two spectral indices (4.39)
and (4.40) are both possible predictions.

FIGURE 4.5: Ratio δ(num)
χ {δC between the numerical primordial am-

plitude power spectrum with its analytic counterpart of the confor-
mal parametrization given by Eq. (4.36) for χ “ χC, as a function of
χ for w “ 0.1 and three different modes, namely kC “ 10´15 (cir-
cles), kC “ 10´25 (squares) and k “ 10´35 (triangles). The coinci-
dence of the three curves for all values of χ expect χF indicates that
the spectral index is indeed nC

S given by (4.40) and independent of χ.
At χ “ χF “ ´1.35, the zoom shows three distinct points, exhibiting

that the spectral index differs, being then given by (4.39).

4.3.1 Numerical facts

Fig. 4.4 shows the fluctuation δ as a function of the wavenumber k for various values
of χ. One immediately notices that although the amplitude depends on χ, decreas-
ing with χ until χF and then increasing again for χ ă χF, we obtain the same power
law for the spectral index that in the special case χ “ χC (4.40) for all the possible
values that χ can take within the conformal parametrization in its generic form (4.5).
In order to clarify this point, we plot, in Fig. 4.5, the ratio between the numerical
spectrum obtained from (4.16) for whatever value of χ the generic parametrization
can take and that provided by our analytical approximation (4.36) for χ “ χC. This
plot is but an example for a given value of w, we recovered the same generic image
for all values we investigated.

What is also seen in Fig. 4.5 is a generalisation of Fig. 4.4, namely that the spectral
index of scalar perturbations is generically given by (4.40) expect in the case of χ “

χF. That is a very curious situation given the fact that this value, as explained before
and seen in Fig. 4.1, do not lead to anything particular in the shape of the potential
compared to other values χ ă 0. The fluid parametrization thus corresponds to the
minimum amplitude possible and a different scalar index. In fact, we find that it
is understood as the situation in which the conformal amplitude merely vanishes,
leading to the subdominant fluid amplitude being the only one, thereby dominating
the full spectrum.

We tested this hypothesis by calculating the spectrum as a function of the
wavenumber for various values of χ close to the fluid case χF. The result is illus-
trated in Fig. 4.6 in which the power spectrum is calculated numerically for a value
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FIGURE 4.6: Primordial density fluctuation spectrum for w “ 0.1:
the conformal param. for the case (4.38) χ “ χC “ 3.86 is shown as
the thick line above, and the fluid case χ “ χF as the thin bottom
line. The dashed line represents a case close to the Fluid case with

χ “ χF ´ 10´6.

of the parameter χ very close to χF, superimposed with the analytic solutions for the
conformal and the fluid cases. It can be seen that the full spectrum somehow inter-
polates between both cases, following the fluid power law for large wavenumbers
and the conformal power law for smaller wavenumbers. This suggests that the full
spectrum contains both power law terms, the amplitude depending on pχ ´ χFq for
(4.40): as both power laws are positive, when k decreases, the contribution due to nF

S

becomes smaller compared to that due to nC
S , so the latter finally dominates entirely

for very small wavenumbers.

4.3.2 A sharp transition

A better understanding of the numerical results of the previous section can be achieved
by investigating more closely the potential (4.7) seen as a function of time and χ.

Let us first assume that the reference value for χ is given by the conformal one in
the special case χC. The potential for any value of χ can be written as Vχ “ VC ` δV,
where

δV “
2ω2

9Z4
1 ´ 3w

p1 ´ wq2 δχ
”

1 ` pωτq
2
ı´2

(4.41)

and δχ “ χ ´ χC. Plugging the definition of Z and looking at the large time limit of
the full potential, one finds that δV|ωτ"1 ! Vχ|ωτ"1, so that the main contribution of
δV is around the bounce time, namely around τ “ 0. As a function of τ, one indeed
finds

δV “
2ω2

9p1 ` wq2

ˆ

qB

γ

˙´4rF 1 ´ 3w
p1 ´ wq2 δχ

”

1 ` pωτq
2
ı´2rC

. (4.42)

Since we focus on the cases 0 ď w ď 1
3 , one has 2

3 ď rC ď 1, so that, compared to
VC, one can approximate δV as though its contribution is localized entirely at the
bounce, i.e. we replace δV by

δVapprox “ Υδpηq, (4.43)
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where we assume the coefficient Υ takes the form

Υ “ ϖ

ż 8

´8

δVdη,

with ϖ “ ϖpwq parametrizing the fixed "depth" of the approximate delta that should
be of order unity (we shall evaluate it below) to preserve Vχ » VC ` Vapprox. The
integral can be calculated to yield

Υ “
2

?
πωp1 ´ 3wq

9p1 ` wqp1 ´ wq2

ˆ

qB

γ

˙´2rF Γ
`

rC ` 1
2

˘

Γ prC ` 1q
ϖpwqδχ, (4.44)

transforming Eq. (4.25) into

d2vk

dη2 ´

„

pqrC q
2

qrC
` Υδpηq

ȷ

vk “ 0, (4.45)

whose solution is given by (4.29) on both sides of the bounce η “ 0, only with differ-
ent parameters ACă

k “ AC
k , BCă

k “ BC
k for the contracting phase [given by Eq. (4.35)]

and ACą
k , BCą

k for the expanding phases, due to the effect of the delta potential.
Assuming continuity of vχ at η “ 0 yields ACą

k “ AC
k , and integrating (4.45)

around the bounce provides the discontinuity in the time derivative as

v1
kp0`q ´ v1

kp0´q “ Υvp0q, (4.46)

leading to

BCą
k “ BC

k ´
?

π
Γ
`

rC ` 1
2

˘

Γ prC ` 1q

ϖδχ

χF ´ χC
, (4.47)

as can be shown by direct evaluation of χF ´ χC as a function of w.
Plugging the solution after the bounce with the above value of BCą

k into the defi-
nition (4.17) and using the mode solution (4.29), one finds that the power spectrum
now consists in two contributions, namely δ “ k3{2 pD ` Sq, with the dominant term
given by:

D “ π|BC
k |

«

1 ´
π3{2

4
Γ
`

rC ` 1
2

˘

Γ prC ` 1q

ϖδχ

χF ´ χC

ff

, (4.48)

while the subdominant term reads

S “ SN|C|

ˆ

qB

γ

˙´ 2
1`3w

k
3p1´wq

2p1`3wq , (4.49)

with normalisation

SN “

«

1 ´
π3{2

2
Γ
`

rC ` 1
2

˘

Γ prC ` 1q

ϖδχ

χF ´ χC

ff

. (4.50)

Note that the two modes are obtained only when one keeps the otherwise negligible
contribution in (4.35); this is why we kept it in the first place.

Eq. (4.48) shows that, for a fixed unique parameter ϖpwq of order unity that best
approximates Vapprox to δV, there is one and only one value of χ, for which the
dominant mode vanishes, thereby explaining our numerical findings. Therefore,
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one can assume that the best fit is given by

ϖpwq “
4

π3{2
Γ prC ` 1q

Γ
`

rC ` 1
2

˘ . (4.51)

leading the dominant term to only vanish for χ “ χF, in agreement with the above
results. For w in our range, the "depth" lies between ϖp0q « 0.7 and ϖp1{3q « 0.8,
i.e. a number of order unity as expected.

With the power spectrum (4.48) vanishing, there remains the subdominant piece,
which happens to lead to δ 9 knpw,χFq [see Eq. (4.39)]. This reproduces exactly the
features observed in the previous section and illustrated in Fig. 4.6, namely that
as χ Ñ χF, the dominant amplitude coefficient with npw, χCq becomes smaller and
smaller and thus comes to actually dominate over the subdominant one for small
wavenumbers. In the limit χ “ χF, the coefficient exactly vanishes and the subdom-
inant piece, then being the only one, becomes the only relevant spectrum. This also
illustrates the fact observed in Fig. 4.5, that only for a specific "depth" of the mini-
mum of the potential when χ ă 0, we obtain a different spectral index, being that
value χ “ χF (even if its shape resembles nothing peculiar in comparison to other
values χ ă 0 as shown in Fig. 4.1).

4.4 Brief discussion of results

In this chapter we performed a detailed examination of the dynamical ambiguity
that naturally arises in models of the primordial universe, in which both the cosmo-
logical background and the perturbations are quantized. In chapter 3 we had ex-
posed that quantizing the background and employing a semiquantum trajectory ap-
proximation leads to two different potentials for the perturbations, thereby render-
ing the theory effectively ambiguous and potentially unpredictive. Here, we identi-
fied the relevant quantum parameter describing the difference and expand upon the
ambiguity by calculating the expected power spectra produced for initial quantum
vacuum fluctuations.

The presented model is only academic in the sense that it describe a universe
whose dynamics is driven by a fluid at all times and fails at reproducing the CMB
data: to do so, it would require either w „ ´2.9 ˆ 10´3 for the conformal case,
and w „ ´0.988 in the fluid case. Both being negative, the corresponding models
are plagued with incurable instabilities; the model we have discussed here assume
0 ď w ď 1

3 so as to avoid such instabilities. Thus, taking into account the quantum
nature of the background in a highly rigorous manner, the spectral index solution
still experiences the common issue of a blue-tilted spectrum found in the literature
of quantum bouncing cosmological models. However, it serves as an illustration of
the ambiguity and its resolution: one can expect that the same techniques using a
(the most accepted) scalar field as matter component should lead to similar results.

At the classical level, it is possible to build an infinite number of acceptable
and equivalent (i.e. related by canonical transformations) perturbation variables
which, upon quantization, lead to a priori different quantum theories: obtaining the
Mukhanov-Sasaki variable through performing the canonical transformation either
before quantization or after the semiquantum trajectory is obtained yield to inequiv-
alent potentials and, therefore, one would have guessed, to different predictions for
the expected spectrum. We found the astonishing result that despite the presence
of a continuous parameter describing the various possible potentials, there are only
two possible predictions for the spectral index.
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The usual spectrum with nC
S is reproduced for the conformal parametrization, the

amplitude depending on the parameters of the semiquantum trajectory. There exists,
because of the ambiguity, another possible spectral index, stemming from using the
fluid parametrization. However, we found this prediction to be very special: within
our family of potentials depending on one parameter χ, we found that all values of
χ predict the same (conformal) spectrum, except when χ Ñ χF exactly, in which case
one gets a different spectrum with no parameter and a single well-defined minimum
amplitude. The fluid case can be explained as leading to the subdominant contribu-
tion in the spectrum, the amplitude of the dominant term vanishing for the special
value χ Ñ χF. In that sense, it represents a set of measure zero in the general χ P R,
so that one can interpret that the fluid case is so peculiar that the conformal case
is the generic, and therefore deduce that the latter represents the correct prediction.
Therefore, within such situation one could argue that the ambiguity is solved.

Ultimately: in quantum bounce models, the Mukhanov variable belongs to the
class of variables that yield the generic prediction for primordial amplitude spec-
trum. In this sense, its use in semi-classical theories like inflation can be given a
deeper justification. However, on the other hand, it is not the only one in that class.
Moreover, which is the most convenient choice of variable it depends on the choice of
internal time employed in quantization. Hence, the Mukhanov variable constitutes
a valid but not necessarily a preferred choice in quantum bounce models, specially
if not first fixed at the classical level as basic variable to quantize.
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5
Physical predictions and final state
of perturbations in quantum
bouncing cosmology

DISCLAIMER: The material presented in this Chapter is to be included in a pa-
per currently in preparation (Ref. [90]) of which I am a coauthor. Certain progress
on the content of this chapter was also included in my contribution to the Pro-
ceedings of the 2022 Cosmology session of the 56th Rencontres de Moriond (2022)
[arXiv:2203.03924] (Ref. [64]). My contributions to this publication can be sum-
marised as follows: I computed both analytically and numerically the particle
distributions and probability distributions in the phase space representation for
the final state of the perturbations. I produced the plots showing both results. I
performed the calculation of the value of the temporal the phase shift. I partici-
pated in the discussion of the obtained results about the different distributions,
the phase shift, its origin and its significance. I obtained the final amplitude spec-
tra in terms of physical parameters. I produced the plots constraining the values
of the physical parameters after fitting our model to observational data. I am par-
ticipating in the preparation of the paper for future publication. I gave a talk
presenting these results (and the ones from the previous chapter) in: "Szczecin
Cosmology Group – Informal cosmology, particles and nuclear physics seminar"
(Institute of Physics, University of Szczecin, Poland in Feb. 2023)

In the previous chapters we studied the quantization ambiguity and the ambigu-
ous predictions it leads to. In particular, we have found that the two parametriza-
tions produce primordial amplitude spectra with distinct spectral indices. However,
the conformal index was found to be generic while the mainly subdominant fluid
index turned out to be very special. The conformal index was already known in the
bouncing cosmology community whereas the other case is new. Therefore, in what
follows we study further differences and similarities from an enhanced perspective
on the respective final states.

In quantum bouncing cosmology, the final state of perturbations refers to the
time when the mode is outside the horizon, just after entering the potential becom-
ing amplified with an amplitude that remains constant until they exit the potential
(or "re-enter" the horizon). Different models can produce different final states, lead-
ing to distinct physical predictions. All properties of the final states of perturbations
can have important consequences for the structure formation in the universe. We
particularly study the dependence of the found amplitude on other parameters than
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the wave vector (or wavelength). Moreover, we investigate the phase shift with
which the modes emerge from the bounce. Confronting the predictions with obser-
vations allow us to constraint the relevant physical parameters of the cosmological
model.

5.1 Final states distributions

We study the underlying quantum state, the Bunch- Davies vacuum, which assumes
that the universe began in a state with lowest energy fluctuations. We perform the
analysis from the point of view of late-time observers, which can be introduced after
the mode exits the horizon. This notion can be extended to the so-called instanta-
neous observers for times the mode is inside the horizon (or outside the potential).
The new interpretation is obtained by means of the Bogolyubov transformations.

Bogolyubov transformations

We start with the mode expansion of the Mukhanov-Sasaki field vpx, ηq in terms of
the mode functions vk written as follows

vpx, ηq “
ÿ

k

1
?

2

´

akv̄kpηqeikx ` a:

kvkpηqe´ikx
¯

, (5.1)

where k “ |k|. The mode function vk satisfies one of the equations of motion, either
for vC

k or vF
k, with the initial condition (4.13). The annihilation and creation opera-

tors, ak and a:

k, define the Bunch-Davies vacuum. It is useful to introduce another
expansion of the field,

vpx, ηq “
ÿ

k

1
?

2

´

bkūkpηqeikx ` b:

kukpηqe´ikx
¯

, (5.2)

in which the annihilation and creation operators, bk and b:

k, define the instantaneous
vacuum at a different time η, i.e., the lowest-energy eigenstate of the instantaneous
Hamiltonian pHp2q

k pηq 1. It implies that uk satisfies the following condition:

ukpηq “

d

h̄
?

wk
, úkpηq “ i

b

h̄
?

wk. (5.3)

It is known (see, e.g. Ref. [80]) that the following relations must hold:

vkpηq “ αkpηqukpηq ` βkpηqūkpηq,

bk “ akᾱkpηq ` a:

´kβkpηq.
(5.4)

1We have different vacuum states at different times because the Hamiltonian is time dependent
and, hence, the ground state energy as well. Then, we require mode functions which describe the
minimum vacuum energy at different instants of time, and the same mode function cannot describe
the ground state at two different moments. Instead there is a new mode function that minimizes
de energy of the ground state at the new time. Therefore, at the beginning our a-vacuum state is
the Bunch-Davies determined by pvkpηiniq, πkpηiniqq, but at the end is the b-vacuum determined by
pvkpηq, πkpηqq with η ą ηini. For more details see chapter 6.3 of Ref. [80]
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These are called the Bogolyubov transformations, where

αk “
e´i

?
wkη

2

c?
wk
h̄

ˆ

vk `
v́k

i
?

wk

˙

,

βk “
ei

?
wkη

2

c?
wk
h̄

ˆ

vk ´
v́k

i
?

wk

˙

,

(5.5)

are the sought for Bogolyubov coefficients.

5.1.1 Particle distributions

For a fixed mode, we can characterize the final states by means of different physical
concepts. We start with particle distributions.

The two annihilation operators ak and bk define the corresponding vacua |0ay

and |0by. Making use of the Bogolyubov transformation the Bunch-Davis vacuum
|0ay can be expressed in the b-representation, i.e., in terms of states built from the
instantaneous b-vacuum state for an observer at a later time,

|0ay “
ź

k

1
|αk|1{2 exp

ˆ

βk

2αk
b:

´kb:

k

˙

|0by. (5.6)

This state is a linear combination of |kby ¨ | ´ kby a quantum of the left-moving wave
and a quantum of the right-moving wave. Hence, it is made of quanta of a standing
wave. The quantity

1
|αk|2

ˇ

ˇ

ˇ

ˇ

βk

αk

ˇ

ˇ

ˇ

ˇ

2n

, (5.7)

is the occupation number of the n-particle state of the standing wave. As a function
of n it yields the probability distribution in the number of particles of the standing-
wave mode of the perturbation variable at any given moment of time. We refer to
it as the "particle distribution". It is plotted for the crossing time ηc in Fig. 5.1 (for
w “ 0.28 and k “ 10´5).

FIGURE 5.1: Particle distribution in states of different n number
of particles for conformal parametrization (blue-circles) and fluid

parametrization (red-triangles), for w “ 0.23 and k “ 10´5.
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The plot represents the b-particle distribution for both parametrizations in the
unique Bunch-Davies vacuum. The initial vacuum state turns out to contain on av-
erage |βk|2pηq b-particles at a late-time η. Later we provide a complementary de-
scription via probability distributions.

We can observe different particle distributions for both quantum theories. In
the Fluid parametrization, we find the occupation numbers to be much larger for
states with fewer particles and decaying exponentially as the number of particles
in the states n increases. This reflects a very low particle production in comparison
to the conformal case, with only 0.173 particles for the given values of w and k.2

On the other hand, in the conformal parametrization we find a very homogeneous
distribution over a vast range of multi-particle states, with the approximately equal
occupation numbers for those states. In this parametrization we find the average
number of particle to be 8.238 ˆ 1011 for the given mode.

5.1.2 Phase space representation

There exist many ways to describe the properties of the final state. In this subsection,
we study their probability distributions in the phase space representation, which are
obtained with the standard coherent states built from instantaneous vacua.

The Fourier components of the Mukhanov-Sasaki field vpx, ηq can be decom-
posed into its real and imaginary parts, vk “ 1?

2
pvR

k ` ivI
kq and v´k “ 1?

2
pvR

k ´

ivI
kq, where we used the reality of the field vpx, ηq. One may show that tvR

k , πR
k u “

tvI
k, π I

ku “ 1
2 , where πk “ v́k. For the Bunch-Davies vacuum the real and imaginary

parts describe two "oscillation modes" of the standing wave. At any moment of time
the state of each mode expressed in the b-representation can be cast into the stan-
dard (i.e. Schrödinger) coherent state representation. The standard coherent states
are obtained by the action of the displacement operator on the b-vacuum. For the
real part of vk it reads:

DpvR
k , πR

k q “ e
2ipπR

k pvR
k ´vR

k pπR
k q

h̄ “ e´z̄
bk`b´k?

2
`z

b:
k `b:

´k?
2 , (5.8)

where z “ i
b?

wk
h̄

´

πR
k?
wk ´ ivR

k

¯

. Analogously, for the imaginary part it reads:

DpvI
k, π I

kq “ e
2ipπI

kpv
I
k´vI

k pπ
I
kq

h̄ “ e´z̄
bk´b´k?

2
`z

b:
k ´b:

´k?
2 , (5.9)

where z “ ´

b?
wk
h̄

´

π I
k?

wk ´ ivI
k

¯

. The coherent state representations for both modes
of the standing wave are given by

xz|0ay “
1

|αk|
e´

|z|2
2 e

z̄2
2

βk
αk , (5.10)

2This does not mean that the absolute number of particles produced is always such small for the
fluid case, here being a fraction of a particle. It can be considerably higher for different values of w
and k. However, in general it is low relatively to the number of particles produced in the conformal
parametrization [64]. This is in accordance with the results of the previous chapter, where we showed
that the fluid case gives the minimum primordial amplitude within the range of all possible values of
χ that the conformal case can take.
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where the standard coherent states |zy are defined via the action of the displacement
operator Dpzq on the late-time instantaneous vacuum:

|zy “ Dpzq|0by. (5.11)

Eq. (5.10) represents the transition amplitude between the initial a-vacuum state
and the coherent state |zy in the frame of the late-observer built from the b-vacuum
at the late-time η. Note that despite that we have a time-dependent notion of the in-
stantaneous vacuum, the state that we represent is the fixed Bunch-Davis a-vacuum
which underlies the evolution in the Heisenberg picture. Therefore, there is no dy-
namics of coherent states, it is only the b-vacuum on which we define them that
is time-dependent, because at different times we have different instantaneous b-
vacuum states. Nevertheless, as the gravitational potential vanishes the final b-
vacuum sets in at some time ηc, and the "evolution" of the coherent state representa-
tions stops.

Then, we compute the normalized phase space probability distribution for the
Bunch-Davies vacuum at ηc, reading

ρpzq “ π´1|xz|0ay|2 “
e´|z|2 eRerz̄2 βk

αk
s

π|αk|2
, (5.12)

and is plotted in Fig. 5.2. The probability distribution at the initial time is plotted
on the left, which is rotationally invariant and centred at the origin. It represents the
vacuum state with no particles, with position and momentum of the perturbation
mode functions equally uncertain. Once the system evolves thorough the bounce,
the vacuum gets excited as a number of particle is produced. The corresponding
probability distributions for the C´ and F-parametrizations, and captured at ηcross,
are plotted, respectively, on the center and right images. The final state is the so-
called squeezed vacuum state, and the excitation process that leads to it is called
"squeezing".
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FIGURE 5.2: Phase space probability distribution (5.12) for w “ 0.23
and k “ 10´5. Left: The initial coherent vacuum state. Center: The
vacuum squeezed by the Conformal parametrization at ηc. Right: The
vacuum squeezed by the Fluid param. at ηc . The black dashed line
represents the phase shift angle with respect to the vR

k axis, and the
direction in which the state is squeezed at ηc.
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The probability distributions show that the value of the primordial perturba-
tion amplitude is different for each parametrization 3, and, above all, very quantum
and uncertain, and possibly collapsing to a very large value (at least for the confor-
mal case, since we know F-param. represents a minimum of the amplitude in χ).
Although the expectation value of the amplitude (4.17) of the perturbation is zero
pxδy 9 xvky “ 0q, the square root of the expectation value of the amplitude squared
is not (

a

xδ2y 9
?

xv2
ky ‰ 0), due to this squeezing. Hence, we have pure quantum

uncertainty for the amplitude. However, as one can expect, at some remote point a
collapse must have occurred in order to observe the current classical universe, with
perturbation amplitudes possessing a definite value. In the conformal parametriza-
tion, the distribution extends with higher probability over a wider range of the phase
space of the perturbations than in the fluid case. This reflects the fact that even very
highly excited states are probable and thus, the primordial amplitude can acquire
a large value (Fig. 5.2-center). Whereas, in Fluid parametrization (Fig. 5.2-right)
we see clearly less enlongated elliptical shape of the probability distribution. Then,
the conformal parametrization reflects larger amplification, making it more likely to
explain the typical transition to reheating after the bounce via enough gravitational
particle production [91]. On the other hand, the temporal phase of oscillation with
which the amplitude emerges at ηcross, i.e. the direction of squeezing, is very definite
and thus classical. The expectation value of the amplitude squared is found to read:

|vk|2 “ |αkuk ` βkūk|2

“ |uk|2
`

1 ` 2|βk|2 ` 2|αk β̄k| cosr2
?

wkη ´ 2θs
˘

,
(5.13)

where the phase θ is exactly the phase seen in the plots of the probability distri-
butions (Fig. 5.2) represented by the black dotted arrows. The phase θ is deter-
mined by extremization of the descent of the probability distribution along all the
directions around the origin of the phase space. We find: Im pβk{αkq cosp2θq “

Re pβk{αkq sinp2θq, which under the assumption vR
k ‰ 0 and Im pβk{αkq ‰ 0 yields:

tanpθq “
πR

k?
wkvR

k
“

g

f

f

f

f

e

1 `

¨

˝

Re
´

βk
αk

¯

Im
´

βk
αk

¯

˛

‚

2

´

Re
´

βk
αk

¯

Im
´

βk
αk

¯ . (5.14)

Note that since we work in the Heisenberg picture the phase θ is actually the
phase shift with which a given perturbation mode emerges from the bounce. We
study the evolution of the phase shift in more detail now.

5.1.3 Temporal phase shift

It is often said [92] that the primordial cosmological perturbations emerge as a sine
wave from the generating phase. For the inflationary model it means that once the
inflation is ended, radiation era begins and the gravitational potential becomes neg-
ligible, the modes of the Mukhanov-Sasaki field with the wavenumber k evolve sim-
ply as

vkpηq 9 sin p
?

wkη ` θq, (5.15)

3As explained in chapter 3, this difference occurs because each perturbation field feels the space
time in a different form, they are evolving in a different geometry: there is not such thing as a well-
defined spacetime anymore, due to the quantum nature of the position and momentum that we as-
sume.
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where θ is vanishing, or negligible. This is extremely important since, given that the
scale factor in the radiation era scales as a 9 η, the sine wave is needed to ensure the
constancy of the primordial amplitude of the curvature perturbations (on co-moving
hypersurfaces, see around Eq. (2.37)) at super-horizon scales:

Rk 9
|vk|

a
9

sin p
?

wkηq

η
«

?
wk, η À

1
?

wk
. (5.16)

Since the inflation did not take place exactly at the big bang singularity but ended
at some finite ηin f ą 0, all the modes must have emerged with a phase shift θ “

´
?

wkηin f . However, being scale-dependent this phase shift becomes negligible for
large cosmological scales k ! 1{ηin f (i.e. super-horizon modes at ηin f ).

In the bouncing model we also see the possibility for the phase shift as illustrated
in the Fig. 5.3. One part of the phase shift comes from the fact that the amounts
of conformal time that have elapsed since the big bang of the classical incomplete
theory and the big bounce are different. The difference reads:

∆η “

ż 8

0

ˆ

dη

dτ

ˇ

ˇ

ˇ

ˇ

class
´

dη

dτ

ˇ

ˇ

ˇ

ˇ

semi

˙

dτ, (5.17)

and causes the shift θ “ ´
?

wk∆η that becomes negligible for large cosmological
scales k ! 1{∆η in complete analogy to the inflationary phase shift.

FIGURE 5.3: The dynamics of the real part of perturbation mode
ℜpvkq for k “ 0.0001 in ηcross as time units. The solid line takes the
form of the sine wave that is gradually shifted in phase and repre-
sents vC

k (the C-parametrization). The dashed line takes the form of
the minus sine wave that is gradually shifted in phase and represents
vF

k (the F-parametrization). The third, dotted curve is the exact sine
wave with a constant shift that is equal to the final phase shift of the
Mukhanov-Sasaki variable. We see that vC

k (vF
k) eventually becomes

the pushed-from-origin (minus) sine wave with the final phase shift
as the curves merge.

There is however another source of the temporal phase shift whose final value is
not scale-dependent and cannot be ignored when estimating the time at which long-
wavelength modes "re-enter" the horizon (or exit the potential) and start to oscillate.
It originates in the dynamics of the universe just after the bounce when it is driven
by the fluid that in general is not radiation and, in our model, can indeed have
0 ă w ď 1

3 . This phase shift, if no transition to radiation happens, can actually grow
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FIGURE 5.4: The evolution of the phase shift θ (in angular degrees)
for k “ 0.0001 in ηcross as time units. The solid line corresponds to
vC

k (the Conformal parametrization) and the dashed corresponds to
vF

k (the Fluid parametrization). For smaller wavenumbers k the two
curves tend to merge. We can see that both parametrizations start out
at the bounce as sine waves (θ “ 0º) and then are gradually shifted
by the growing phase shift θ that around 6 ´ 7 of ηcross reaches its

maximum values and stops growing.

FIGURE 5.5: The maximal value of the phase shift (« 6.7ηcross) in
function of the fluid w. We can see that for radiation there is no phase

shift at all and as w Ñ 0` approaches dust the phase shift grows.

for a few ηcross for each mode until it reaches quite a significant value. Although the
final value of the shift is scale-independent, it grows with time at a scale-dependent
rate. It turns out that the phase is an unambiguous function of time when expressed
the units of ηcross (the time at which each mode exits the potential), the latter being
clearly dependent on k. See the Fig. 5.4.

The transition to radiation era occurs after the relevant modes are amplified to
their constant super-horizon amplitude value by entering the potential, but much
before the modes of interest "re-enter" the cosmological horizon. In order for the
relevant modes to remain approximately constant for sufficient amount of time until
their "re-entering", the phase shift must be sufficiently small. This guarantees consis-
tency with the observational data. Then, the growth of the phase shift must be halted
upon transition to radiation. That means that the phases cannot be exactly coherent
(the same for each k), since the growth rate of phase shift is scale-dependent. The in-
coherence of the modes could lead to spoiling the CMB anisotropy power spectrum
for large scales that we observe [93]. We might expect then that the growth has to
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be stopped early on when the phase shifts of the relevant modes are still negligible
in order to make them sufficiently coherent. We investigate this issue in the next
section.

5.2 Physical predictions

5.2.1 Amplitude and the bounce

The models discussed in the previous sections depend on the background evolu-
tion, which is itself dependent on the barotropic index w and two extra constant
numbers, namely the quantum repulsion amplitude K appearing in the semiquan-
tum Hamiltonian (3.22), and the value of Hsem itself. The latter represents the total
energy contained in the entire universe, and (as can be proved using (2.19) and Fried-
mann equation ρ “ 3H2{κ) is thus proportional to the energy density ρ 9 a´3p1`wq „

v´p1`wq, where v is the observable volume, as opposed to the total volume Vpηq “

a3V0 (with V0 “ 1 the assumed coordinate volume of the spatial leaf). Setting r :“
V{v the ratio between the observable to the total volume, one then gets Hsem 9 r1`w.

The relations given below Eqs. (3.23) between the minimum scale factor qB and
the curvature at the bounce ω4 as functions of the above parameters yield

qB 9

c

K

r1`w and ω 9
r1`w
?
K

, (5.18)

Once inserted into the Eqs. (4.37) and (4.38), the relations (5.18) permit to evaluate
the amplitude of the spectra at the pivot scale k˚, namely

δCpk˚q 9
r

?
K

, and δFpk˚q 9 1, (5.19)

where we assumed k˚ 9 r1{3, a relation stemming from the fact that the larger the en-
tire universe, the larger the conformal wavenumber corresponding to a fixed physi-
cal distance.

The amplitude δCpk˚q for the conformal case depends on r and K in a way that
could have been anticipated: the larger the repulsive potential, i.e. the larger K, the
sooner the bounce occurs, so the perturbations are less excited, leading to a smaller
amplitude. From the geometric point of view, one can argue that the gravitating
energy contained in the entire universe increases with its size, implying a deeper
bounce and thus a larger amplitude of perturbations. Assuming this relation holds,
measuring the local structures in our universe could permit to deduce the size of the
entire universe.

It is however quite unexpected to find that, for the fluid case, the spectrum δFpk˚q

depends neither on the size of the universe nor the strength of the quantum repul-
sion. Indeed, those parameters determine the scale of the bounce and thus should
leave an imprint, as discussed in the previous paragraph. Since any change on the
physical features of the bounce leaves the amplitude of the Fluid modes unaltered,
one could interpret this result as yielding to an unphysical F-solution.

4It is called curvature at the bounce because it controls how "steep" (or convex) is the transition
between the contraction and expansion phase in the semiquantum trajectories of Fig. 3.2, being less
curved for smaller ω. It is also called the acceleration at the bounce because it controls how fast the
trajectory the scale variable q increases just after the expansion begins (or decreases just before the
bounce).
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(A) Numerical primordial amplitude power spec-
trum dependence with respect to K in conformal
parametrization (w “ 0.1). From top to bottom:
χ “ 5, χ “ χC “ 3.86, χ “ 3, χ “ 1.5 and
χ “ 0.001, for a scale k˚ “ 10´6. We clearly ob-
serve that all the curves behave as δCpk˚q 9

?
K.
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(B) Numerical primordial amplitude power spec-
trum dependence with respect to r in conformal
parametrization (w “ 0.1), From top to bottom:
χ “ 5, χ “ χC “ 3.86, χ “ 3, χ “ 1.5 and
χ “ 0.001, for a scale k˚ “ 10´6. We clearly ob-

serve that all of them behave as δCpk˚q 9 r

(C) Numerical primordial amplitude power spec-
trum dependence with respect to K (w “ 0.1q.
For the exact case of Fluid parametrization χ “

χF “ ´1.35 (solid bottom line) the amplitude is
constant in K, whereas for any very little devia-
tion like χ “ χF ` 10´6 (dotted) or χ “ χF ´

10´7 (dashed), we recover conformal behaviour
δCpk˚q 9

?
K

(D) Numerical primordial amplitude power spec-
trum dependence with respect to r (w “ 0.1).
For the exact case of Fluid parametrization χ “

χF “ ´1.35 (bottom solid line) the amplitude is
constant in r, whereas for any very little devia-
tion like χ “ χF ` 10´6 (dotted) or χ “ χF ´

10´7 (dashed), we recover conformal behaviour
δCpk˚q 9 r

Although the relations (5.19) are derived in the analytic approximation obtained
in (4.38) and (4.37), we verified them numerically for various values of χ: as ex-
pected, the conformal behaviour in terms of both parameters holds for all values
χ ‰ χF (see Fig.5.6a and Fig.5.6b), since the quantity appearing in the conformal

amplitude formula 9 ωpqBωq
´6w

1`3w , along with the power spectrum k
6w

1`3w
C , is invari-

ant for any value of the parameter χ in the C-parametrization. However, the special
fluid case χ “ χF yields again an extremely unique situation in terms of the ambigu-
ity parameter (see Fig.5.6c and Fig.5.6d) in which no dependence can be observed,
as predicted in (5.19).

Let us assume that the amplitude of the power spectrum for the scalar perturba-
tions at the physical pivot scale k˚phys “ 0.05 Mpc´1 is lnp1010Asq “ 3.044, to be con-
sistent with the Planck data [48]. We set the scale k˚ “ k˚physr1{3ℓ´1

P Dobs accounting
to the part that the pivot scale is of the observable universe, where Dobs “ 5.44 ¨ 1061lP

m is the diameter of the observable universe [27]. This in turn puts constraints on
the free parameters K and r. In Fig.5.7a, and 5.7b we plot the required values of K
and r as functions of the barotropic index, and in 5.7c the relation between them.
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(A) Admissible values of the parameter K as a
function of w for r “ 2.

(B) Admissible values of the parameter r as a
function of w for K “ 10192.

(C) Relation between the two parameters K and r
for the case w “ 0.1.

5.2.2 Phase shift

It is usually assumed that all the observable modes of the matter perturbations have
started out with coherent phases. As we have showed before, this does not have to
be exactly true. Ignoring the phase shift that comes from the discrepancy between
classical and semiclassical notions of time, we still obtain the phase shift which is
generated prior to the transition of the cosmological fluid to radiation era. Let us
denote the dynamical phase shift by θpw, η

ηcross
q which is numerically shown to be

unique for all the modes, and depends on k only through ηcross. It is plotted in Fig.
5.4.

Given some finite transition time ηtr we are able to estimate the decoherence of
the phases by looking at their phase shift variation around a pivot wavenumber k˚,

Bθ

Bk

ˇ

ˇ

ˇ

ˇ

k“k˚,η“ηtr

“ θ1 ¨
η

kηcross

ˇ

ˇ

ˇ

ˇ

k“k˚,η“ηtr

, (5.20)

as ηcross 9 k´1 and where θ1 denotes the derivative with respect to the second argu-
ment. It is clear that the second factor does not depend on the pivot wavenumber
k˚. Also, given Fig. 5.4 we may safely assume to work in the regime where θ1 is
roughly a constant that can be estimated numerically. That is, after the phase shift
starts growing, when the mode is superhorizon. Therefore, the phase shift is not
suppressed for large wavenumber, with linear dependence on k. At the same time it
depends linearly on ηtr as well.

Let us estimate the phase shift across the observable range of modes. We as-
sume that θ1 is of order of unity. The difference in k between the largest and the
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shortest mode ∆k “ kmax ´ kmin « kmax can be set equal to the largest observ-
able wave number. Since the phase shift depends linearly on k, the decoherence
of the phases can be approximated to be the phase shift for the largest kmax as well:
∆θ “ θpkmaxq ´ θpkminq « θpkmaxq. More generally, we could introduce ∆k “ k for
any k " kmin. Then the total phase shift of a given mode k with respect to the largest
observables modes reads:

Bθ

Bk
∆k

ˇ

ˇ

ˇ

ˇ

η“ηtr

«
ηtr

ηcross,k
. (5.21)

Let us introduce ztr, the redshift of the primordial fluid-radiation transition, and
recall Dobs, the diameter of the present-day observable universe in the Planck units.
Then

ηtr

ηcross,k
“

3p1 ´ w2q
a

2|1 ´ 3w|

γk
qBω

pz´1
tr Dobsr

1
3 q

3w`1
2 . (5.22)

where we used (4.40), (3.35), (3.36), (2.19), (3.22) and Hsem « 10120r
4
3 pz´1

tr Dobsr
1
3 q3w´1

[27], with the redshift being: zη » a0{apηq, where a0 is the present value of the
scale factor. Let us assume k “ 200πr1{3l´1

P to correspond to one hundredth of the
diameter of the observable universe and the transition redshift ztr “ 1028.5 We obtain
a rough estimate of the decoherence of the phases:

∆θ «
1

r
1`w

2
10´118`50p1´wq, (5.23)

Setting r “ 1 and w close to zero (maximum phase shift) yields ∆θ « 10´68. Hence,
the phase shift at the observable range of modes should be negligible, meaning the
phases of the relevant large modes can be assumed coherent. Note that the larger
size of the physical universe the more suppressed the phase shift is. Also, the stiffer
the cosmological fluid is the more suppressed the phase shift is.

5.3 Brief discussion of results

We studied the final states of the perturbations for the two non-equivalent semi-
quantum theories derived in the previous chapters. The performed analysis allowed
us to acquire a better understanding of different aspects of the predictions that the
obtained solutions yield, in terms of physical quantities, and from different points
of view. We found that the primordial amplitude can be written in terms of physi-
cal parameters, permitting an improved interpretation and allowing us to constraint
our results with observations.

Quantum bouncing cosmological models being an incipient alternative to the
standard inflationary scenario, very little is yet known about the characteristic fea-
tures of the inherent bounce. By testing the model with cosmological observations,
we can obtain an estimate of the scale of the bounce, at the same time we are able
to shed light on attributes of the physical universe, such as its size. We found that,
in order for the model of quantum spacetime to be fitted to observational data, the
quantum bounce must posses an anomalously large strength K, as can be observed
in Figs. 5.7c and 5.7a.

5The value ztr “ 1028 corresponds to the redshift of the “end-of-inflation” [94].
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The conformal spectrum depends on both the parameter K, coming from quan-
tization of the background, as well as the ratio r between the 3D compact manifold
and the observable universe. Since there exists some amount of degeneracy between
those, the tensor index should be calculated to raise this degeneracy. It is to be ex-
pected that a similar behaviour will be observed in the latter, as predicted in [27].

On the other hand, the fluid parametrization was deduced to show an unphys-
ical behaviour in terms of the mentioned parameters. In addition, its relatively low
particle production compared to the conformal case, due to the narrow spread of
the probability distribution along the phase space of the amplified perturbations,
can reaffirm it as an unconvincing theory, leading us to interpret these results as the
resolution of the quantization ambiguity.

Moreover, we found that our bouncing model is able to explain the constancy
of the primordial amplitude of the comoving curvature perturbations, with all the
modes emerging coherently, what is a requirement in order to get predictions with
potential to match the observations that give as a result the CMB spectrum.

In principle, we studied a model which eventually needs to be improved, as it
yields unphysical blue-tilted spectral index. However, some of its properties are
expected to be valid in a more realistic model still to be constructed.
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6
Can a quantum mixmaster universe
undergo a spontaneous inflationary
phase?

DISCLAIMER: The material presented in this Chapter is originally included in a
paper submitted for publication in Phys. Rev. D (Ref. [35]) of which I am a coau-
thor. Part of it was also included in a paper published in Acta Physica Polonica
B Proceedings Supplement 16, 6-A20 [arXiv:2302.01111] (Ref. [95]) of which I am
the only author. My contributions to this publication can be summarised as fol-
lows: I participated in the analytical examination of the dynamics of the model
presented in the article. I numerically searched for the inflationary dynamics in
the semiquantum mixmaster model and studied the global dynamics over a few
cosmic cycles. I produced all the plots that illustrate the dynamics of the model
and make an integral part of the result. I participated in the discussion of the
obtained results. I participated in the preparation of the paper for publication. I
gave talks presenting these results in: "The 8th Conference of The Polish Society
on Relativity" (Warsaw, Poland in Sep. 2022), "Cosmology on Safari" (Hluhluwe,
South Africa in Mar. 2023) and "NCBJ PhD Seminar 2023" (National Centre for
Nuclear Research, Poland in Apr. 2023).

Thus far, we studied alternative bouncing cosmological models to cosmic infla-
tion for the primordial universe, in which the generation of primordial structure
occurs during the contraction and the bounce that stops contraction and initiates
the present expansion. Unfortunately, we proved that these simple bouncing mod-
els tend to generate blue-tilted spectrum for primordial perturbations contrary to
the observational evidence. We note that the both types of models, bouncing and
inflation, share a very restrictive assumption of a slightly perturbed isotropic and
homogeneous universe. That is, they are based on Friedmann cosmology, assuming
from the very beginning the approximate isotropy and homogeneity in the primor-
dial space. Such assumption is in accordance with the fact that CMB observations
[8] indicate that the universe can be considered approximately isotropic at the time
of decoupling. However, substantial amounts of inhomogeneities and anisotropies
could play an important role in the primordial universe: on one hand, they could
hinder the cosmic inflation driven by inflaton while, on the other hand, they them-
selves could spontaneously generate an accelerated expansion phase. The latter pos-
sibility was discussed, e.g., in [96]. Unfortunately, a non-perturbative investigation
into the inhomogeneous primordial universe remains a very challenging problem.
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Nevertheless, a less demanding question, though still utterly important, of whether
a sufficient amount of anisotropy in the primordial universe could spontaneously
generate a cosmic inflation turns out to be tractable. To our best knowledge, this
question has never been studied apart from a few related works that we mention
below.

In order to address the stated question, we study the most generic anisotropic
Bianchi Type IX universe, also known as the mixmaster universe, whose classical
model was derived in section 2.2.3 (see Eqs. (2.56), (2.53), and (2.54)). We post-
pone the study of perturbations to future works, only noticing that some studies
of CMB [17] suggest some anomalies at large angular scales that might require this
kind of anisotropic extensions to the standard theories in order to explain their ori-
gin. Presently, we focus our full attention on the issue of dynamics of anisotropic
cosmological quantum background. We quantize the Bianchi IX model and intro-
duce its semiquantum framework in which its dynamics is more accessible, though
far from trivial. Hence, we employed the quantization procedure of section 2.4.2
(similar to the one applied in the work presented in section 3.1 for the quantum
FLRW model), since it is convenient and encompasses many quantization ambigui-
ties, which makes our study more general.

The classical dynamics of the mixmaster universe is widely known to be very
complex. The employed quantization combined with our semiquantum formalism
produce a model of similar, if not higher, complexity. Therefore, we address our
specific question about the mixmaster dynamics in qualitative terms, which per-
mits to avoid the mathematical and numerical difficulties of finding the full solu-
tion. Previous result [39, 40] suggests that as the universe emerges from the bounce
the anisotropy continues to be strongly excited, forcing the isotropic geometry of the
universe to expand in an accelerated way and for a long period of time. In other
words, the quantum mixmaster universe seems to spontaneously generate an infla-
tionary phase. The use of the words ‘suggests’ and ‘seems’ is fair as for deriving that
result, in those works crude approximation to the anisotropy potential was used,
though the analyzed model was fully quantum. In the present work we resolve
this issue in a semiquantum framework without making any approximation to the
anisotropy potential [35].

6.1 Quantum mixmaster model and semiquantum portrait

Let us recall the Hamiltonian constraint for the classical model of the mixmaster
universe (2.56),

C “ ´Ciso ` Cani

Ciso “
N
24

ˆ

9
4

p2 ` 36q
2
3

˙

, Cani “
N
24

ˆ

p2

q2 ` 36q
2
3 Vpβq

˙

,
(6.1)

where β “ pβ`, β´q, p “ pp`, p´q, and the classical potential reads:

VIXpβq “
1
2

e4β`

ˆ

”

2 cosh p2
?

3β´q ´ e´6β`

ı2
´ 4

˙

` 1. (6.2)

The phase space range for the two pairs of anisotropic variables is the full plane:
pβ˘, p˘q P R2, while for the isotropic variables is the half-plane: pq, pq P R` ˆ R (see
Eq. (2.54)). As explained below Eq. (2.45), the variable q describes the isotropic ge-
ometry (with p its conjugate isotropic momentum) and β˘ the distortions to isotropy,
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hence the latter are called the anisotropic variables (with p˘ their respective conju-
gate anisotropic momenta). They follow the spacetime line element of Eq. (2.55).

The quantization based on generalised coherent states respects the symmetries of
the phase space of the Bianchi IX model and produces a self-adjoint representation
of relevant observables such as the Hamiltonian. As before, the main outcome of the
employed quantization is the resolution of the big-bang singularity via a bouncing
dynamics, complemented now with a modification to the anisotropy potential as
well. As we explained in section 2.4.3, the semiquantum framework is derived with
the use of GCS that also respect the existing symmetries. For the mixmaster, the
latter are given by the product of the Weyl-Heisenberg (for the anisotropic planes)
and the affine group (for the isotropic half-plane).

In section 3.1.1, we explicitly computed first the quantization of the isotropic
background by means of the integral map of Eq. (2.90), obtaining the quantum
Hamiltonian, and secondly, by use of a different family of fiducial vectors, applied
the semiquantum approximation (in section 3.1.2) via the expectation values as pro-
posed in Eq. (2.94). Here, we make a direct computation of the lower symbol intro-
duced in Eq. (2.93) combining the two steps to obtain the semiquantum version of
our background variables. We use a fiducial vector that has the right properties for
both quantization and for making the phase space semiquantum portraits. Based
on this more general fiducial we obtain a concise formula for the lower symbol of a
given observable. The chosen family of fiducial vectors satisfy the physical center-
ing conditions and, at the same time, it preserves the canonical commutation rule.
Moreover, we use the two free quantization parameters in the only family of fiducial
vectors to understand the quantization as a smearing of phase space observables,
and illustrate the quantum uncertainty as coming from the width of the smearing
probability distribution. This helps us to explain below how the quantum uncer-
tainty now causes the breakdown of the 4-dimensional background spacetime.

6.1.1 Quantization and Semiquantum portrait of the isotropy

Since the isotropic variables are defined in the half-plane, we make use of affine
coherent states and adopt the previously described covariant affine quantization,
consistent with the symmetry of the half-plane

f pq, pq ÞÑ A f “

ż

R˚
`ˆR

dqdp
2πρp0q

f pq, pq|q, pyxq, p|. (6.3)

Its combination with the semiquantum portrait evaluating inside the affine coherent
states |q, py gives the following lower symbol formula:

f

Ź

pq, pq “

ż

R`ˆR

dq1dp1

2πρp0q
|xq, p|q1, p1y|2 f pq1, p1q, (6.4)

which is the average of the function f pq, pq with respect to the probability distribu-

tion pq1, p1q ÞÑ
1

2πρp0q
|xq, p|q1, p1y|2. As a fiducial vector we choose one family of unit

vectors depending on two free parameters ξ and ν:

ψ0pxq “
1

a

2xK0pνq
e´ ν

4 pξx` 1
ξx q, (6.5)
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where K0 is the modified Bessel function of the second kind. It can be shown that
we simplify the calculations and ensure the commutation rule rAq, Aps “ 1 by fixing
ξ “ K1pνq{K2pνq (later for the sake of discussion of the classical limit of physical
quantities we restore the arbitrary ξ). Summarising, we find the following lower
symbols:

pp2q

Ź

“ p2 `
Kpνq

q2 , Kpνq “

K1pνq2
´

1 ` ν K0pνq

K1pνq

¯

4K0pνqK2pνq
,

pqαq

Ź

“ Qαpνqqα, Qαpνq “
KαpνqKα`1pνq

K0pνqK1pνq
.

(6.6)

where we decided to change the notation of the semiquantum parameters Kpνq and
Qαpνq in order to differenciate them from the ones with gothic-style letters obtained
in the Friedmann model of chapter 3, for different families of fiducial vectors.

6.1.2 Quantization and semiquantum portrait of the anisotropy

The anisotropic variables cover the full plane. Therefore, we make use of a quan-
tization method based on the Weyl-Heisenberg group of translations, that respect
the symmetry of the full plane. We consider a four-dimensional phase space R4 “

R2 ˆ R2 made of two pairs of canonical variables, pβ`, p`q and pβ´, p´q, and define
the covariant Weyl-Heisenberg integral quantization of a function f pr˘q in the phase
space r˘ “ pβ˘, p˘q P R2 (we omit the index ˘ in the sequel) by looking at the gen-
eral quantization map of Eq. (2.90), and making the analogy for the current phase
space variables ppq, pq Ñ pβ˘, p˘qq:

f prq ÞÑ A f :“
ż

R2
f prqQprq

d2r
2πcQ

, (6.7)

The family of operators Qprq on H “ L2pR, dxq has the form defined by Eq. (2.91),
where now the employed UIR corresponds to that of the Weyl-Heisenberg group:

UWprq “ eippQ´βPq, (6.8)

and they satisfy the the resolution of the identity:

ż

R2
Qprq

d2r
2πcQ

“ 1H, (6.9)

where Qprq “ UWprqQ0UWprq:, and the chosen Q0 are admissible provided that the
Weyl-Heisenberg group sets the normalization constant to be cQ “ Tr pQqprq “ 1,
since Qprq is a family of unit-trace operators. Thus, the choice of a quantization
procedure is reduced to the choice of a single operator, Q0 (i.e., the choice of a family
of normalized fiducial states |ψ0y).

Equivalently, one may use the weight function, Πprq, which is defined via the
Weyl-Heisenberg transform of Q0, (see Eqs. (2.76) and (2.78)),

Πprq :“ TrpUWp´rqQ0q ùñ Q0 “

ż

R2
UWprqΠprq

d2r
2π

, (6.10)

to determine the quantization procedure as suggested in Eq. (2.96) and below, al-
lowing us to use the alternative (more manageable) direct formula for the lower
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symbol of Eq. (2.98) to obtain the semiquantum description. Then, the quantiza-
tion method is reduced to the choice of the appropriate weight function Πprq. It is
straightforward to see that TrpQ0q “ Πp0q and hence we must assume Πp0q “ 1.
The weight Πpr˘q defines the extent of coarse graining of the phase space r˘ “

pβ˘, p˘q P R2. Notice that the standard canonical quantization is obtained for
Πprq “ 1, or equivalently for Q0 “ 2P, where P is the parity operator defined as
PUWprqP “ UWp´rq [55]. By using the covariant Weyl-Heisenberg integral quanti-
zation, the canonical commutation rule is always preserved for the basic canonical
pair, independently of the choice of Πprq (or Q0), since we get: Aβ “ β̂ ` c0, Ap “

p̂ ` d0, with arbitrary c0, d0 P R, ÝÑ rAβ, Aps “ i1, satisfying the canonical com-
mutation between the anisotropic phase space variables.

Let us then assume the following Gaussian weight function centred in the origin,

Πpβ, pq “ e´
β2

σ2 e´
p2

ω2 , (6.11)

where Πpβ, pq “ Πp´β, ´pq and Πp0, 0q “ 1. The width parameters σ and ω encode
the uncertainty in dealing with a given point in the phase space. The symplectic
Fourier transform of the weight reads,

FpΠqpβ, pq “
σω

2
e´ 1

4 pω2β2`σ2 p2q, (6.12)

and their convolution reads

FpΠq ˚ FpΠqpβ, pq “
πσω

2
e´ 1

8 pω2β2`σ2 p2q. (6.13)

Hence, the lower symbol formula takes the form of regularizing Gaussian convolu-
tions:

f

Ź

pβ, pq “

ż

R2

πσω

2
e´ 1

8 pω2pβ1´βq2`pp1´pq2σ2q f pβ1, p1q
dβ1dp1

4π2 . (6.14)

With this formula we find

pe´αβq

Ź

“ e
4α2

ω2 e´αβ, pp2q

Ź

“ p2 `
8
σ2 , (6.15)

and the lower symbol of the semiquantum anisotropy potential,

V

Ź

pβ˘q “
1
3

´

Dp4
?

3, 4qe4
?

3β´`4β` ` Dp4
?

3, 4qe´4
?

3β´`4β` ` Dp0, 8qe´8β`

¯

´
2
3

´

Dp2
?

3, 2qe´2
?

3β´´2β` ` Dp2
?

3, 2qe2
?

3β´´2β` ` Dp0, 4qe4β`

¯

` 1,

(6.16)

where the Dpx, yq “ e
4x2

ω2
´ e

4y2

ω2
` are regularization factors issued from our choice of the

Gaussian weights. The semiquantum anisotropy potential (6.16) is plotted in Fig.
6.1, in comparison with the classical (6.2) mixmaster potential.
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FIGURE 6.1: The classical (left) and semiquantum (right) (τ˘ “ 5 “

σ˘) anisotropy potential. The classical potential comprises three nar-
rowing channels with their bottoms asymptotically (β` Ñ 8 or
β` Ñ ´8) approaching the zero value. In the semiquantum case
the three channels become confined due to the semiquantum correc-

tions as their bottoms raise indefinitely for β` Ñ 8 or β` Ñ ´8.

6.1.3 Semiquantum portrait of the total Hamiltonian constraint

The semiquantum portrait of the Hamiltonian constraint (6.1) reads (for N “ 24) as

C

Ź

“
9
4

ˆ

p2 `
Kpνq

q2

˙

´ Q´2pνq

p2 `
ř

˘
8

σ2
˘

q2 ´ 36Q 2
3
pνqq

2
3 rV

Ź

pβq ´ 1s . (6.17)

The quantum potential for the isotropic geometry 9 q´2 is repulsive if and only if
9
4

Kpνq ą Q´2pνq
ř

˘

8
σ2

˘

, which we assume to hold in sequel. For convenience, we

introduce

Ke f f pν, σ˘q :“ Kpνq ´
32
9

ÿ

˘

Q´2pνq

σ2
˘

ą 0. (6.18)

We derive from the semiquantum Hamiltonian constraint (6.17) the following Hamil-
ton equations:

9q “
9
2

p , (6.19)

9p “
9
2

Ke f f

q3 ´ 2Q´2
p2

q3 ` 24Q 2
3
q´ 1

3 rV

Ź

pβq ´ 1s , (6.20)

9β˘ “ ´2Q´2
p˘

q2 , (6.21)

9p˘ “ 36Q 2
3
q

2
3 B˘V

Ź

pβq , (6.22)
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where

Q´2 “ Q´2pνq “
K2pνq

K0pνq
,

Q 2
3

“ Q 2
3
pνq “

K 2
3
pνqK 5

3
pνq

K0pνqK1pνq
.

(6.23)

We have thus obtained a dynamical system in the full phase space R˚
` ˆ R ˆ R4 to be

now examined. It involves six positive otherwise arbitrary quantization parameters:
ν, σ˘, ω˘ (degree of confidence...) and defines dynamical trajectories as a function of
five initial conditions.

We find the semiquantum model to be invariant under the following scalings:

t1 “
t

δ1{2 , q1 “
q

δ3{4 , p1 “
p

δ1{4 ,

β1
˘ “ β˘, p1

˘ “
p˘

δ
, K1

e f f “
Ke f f

δ2 .
(6.24)

We note that unlike the classical scale transformations (2.58), the above scalings in-
volve Ke f f , a non-dynamical quantum repulsion coefficient. This was to be expected
as the quantization introduces a new scale into the system, i.e. the Planck scale,
and thereby destroying the exact scaling symmetry present in the classical model.
Nonetheless, if a solution to the semiquantum model with a fixed value of Ke f f is
known, then respective solutions to the model for all the other values of Ke f f are
also known.

It is straightforward to find the semiquantum versions of the geometric quanti-
ties (2.59),

Řiso “
3Q 2

3

2q
4
3

, Řani “ ´
3Q 2

3
V̌pβq

2q
4
3

,

σ̌2 “
Q´2p2

48q4 , ŘQ “
3Ke f f

32q4 ,

(6.25)

as well as the semiquantum version of the generalized Friedmann equation (2.60):

H2 “
1
6

ρr ´
1
6

Řiso `
1
3

σ̌2 ´
1
6

Řani ´
1
6

ŘQ, (6.26)

where we added radiation as the only matter component, in concordance with the
classical mixmaster model introduced in section 2.2.3 (see below Eq. (2.60)).

We interpret the difference between the obtained semiquantum and the initial
classical expressions to be the effect of quantum dispersion imposed on the geome-
try of the universe. The largest discrepancy between the classical and the semiquan-

tum model is given by the repulsive quantum potential
Ke f f

q2 (or, equivalently, the

quantum curvature ŘQ). Another strong quantum feature is given by modifications
to the anisotropy potential V̌pβq. The remaining quantum features are introduced
into the Hamilton equations (6.19)-(6.22) through the constants Q´2 and Q 2

3
.

In particular, due to the Hamilton equations coupling between the isotropic and
anisotropic degrees of freedom, in Eq. (6.21), the constant Q´2 alters the classical
relation between the time derivative of the intrinsic three-metric variables β˘ and
their respective momenta p˘ that define the embedding of the intrinsic geometry
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FIGURE 6.2: The smearing probability distribution producing quan-
tum corrections for ν “ 30, 150, 660 (from left to right). For small val-
ues of ν our quantization procedure yields a very quantum system
with large quantum uncertainties. On the other hand, for ν Ñ 8 our
quantization procedure reproduces the exact classical system with

vanishing uncertainties.

into a spacetime (extrinsic curvature), which must hold in any 4-d spacetime. There-
fore, with Q´2 ‰ 1, a 4-d spacetime no longer exists1. This comes from the fact that
the momenta pp, p˘q do not commute with the three-geometry variables pq, β˘q. The
probability distribution smearing the isotropic 4-geometry (introduced in Eq. (6.4))
reads (after restoring the arbitrary parameter ξ)

1
2πc´1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

K0

ˆ

ν
q`q1

2
?

qq1

b

1 `
4iqq1pp1´pq

νξpq`q1q

˙

K0pνq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

, (6.27)

where the parameters ν and ξ control the quantum dispersion induced by the affine
coherent states. For ξ “ 1{ν and ν Ñ 8, the regularizing probability distribution
converges to the Dirac delta δpq ´ q1qδpp ´ p1q (in distributional sense) and all the
physical quantities obtained from (6.4) remain classical and satisfy the classical rela-
tions. However, the non-vanishing quantum uncertainty between q and p requires
ν ă 8, which produces a smeared geometry. In order to visualize the quantization
process the probability distribution for the state pq1, p1q “ p1, 0q for three different
values of ν is plotted in Fig. 6.2. 2

Analogously, the probability distribution associated with the lower symbol for-
mula for anisotropic geometry (6.14) is a Gaussian with the arbitrary parameters
σ˘ and ω˘. Taking σ˘ Ñ 8 and ω˘ Ñ 8 removes the quantum uncertainty be-
tween β˘ and p˘, the Gaussian probability distribution converges to the Dirac delta
δpβ˘ ´ β1

˘qδpp˘ ´ p1
˘q and all the physical quantities obtained from (6.14) retain their

classical properties.

1However, the requirement for the existence of the classical limit for the anisotropic variables equa-
tion of motion (6.21) in this semiquantum model could be satisfied by renormalization of β˘ by the
constant Q´2, or the convenient choice of ν.

2In these plots we can also observe how selecting the physical origin of the classical phase space
pq1, p1q “ p1, 0q, the chosen fiducial vector (6.5) preserves the centering for the expectation values of Q̂
and P̂ in the semiquantum phase space around pq, pq “ p1, 0q independently of the value of ν, however
with non-negligible smearing.
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6.2 Semiquantum dynamics

The semiquantum phase space exhibits a generic quantum bounce, replacing the
big-bang and big-crunch singularities, and a classical late-time re-collapse. The
anisotropy energy fuels the isotropic contraction and expansion. Moreover, the
expansion and contraction can be fuelled by various matter contributions. In this
model, for simplicity, we keep only one matter term that we chose to be radiation,
that enters into the Hamiltonian as ´

Mr
q2{3 , with Mr a positive constant. We now pro-

ceed to examine the dynamics of the semiquantum mixmaster model, starting with
the simplest case, the fully isotropic Friedmann case, in order to later observe in a
clearer way the effects caused by non-negligible anisotropy.

6.2.1 Isotropic dynamics

Let us start by assuming perfectly spherical spatial sections with β˘ “ 0 “ p˘. Then,
the isotropic part of the constraint is the only non-trivially vanishing,

Čiso “
9
4

ˆ

p2 `
Ke f f

q2

˙

` 36Q 2
3
q

2
3 ´

Mr

q2{3 . (6.28)

For convenience, we introduce L :“ 36Q 2
3
. Making use of the equation (6.19) and

the vanishing of the constraint (6.28) we express the conformal time as a function of
q,

ż

dη “

ż

q´ 2
3 dt “

ż

dq

q
2
3 9q

“
1

4
?

L
ˆ

ln

˜

2
?

L

c

Lq
8
3 ` Mrq

4
3 ´

9
4

Ke f f ` 2Lq
4
3 ` Mr

¸

.
(6.29)

The above relation is easily inverted if we neglect the intrinsic curvature, L “ 0,
yielding the approximate solution

qpηq “

ˆ

4Mrη2 `
9
4

Ke f f

Mr

˙
3
4

. (6.30)

where the above approximation breaks down for large universes with non-negligible
isotropic curvature. For negligible L we find that the amount of time needed for the
universe to bounce back to the same volume q2 reads,

∆η “
1

?
R

c

q
4
3 ´

9
4

Kiso

R
,

∆t “
1

2
?

R

»

–q
2
3

c

q
4
3 ´

9Kiso

4R
`

9Kiso

4R
ln

¨

˝

q
2
3 `

b

q
4
3 ´

9Kiso
4R

b

9Kiso
4R

˛

‚

fi

fl ,

which is useful for numerical integrations.
The quantum bounce and the classical re-collapse both occur when p “ 0 “ 9q,

where the Hamiltonian constraint yields

9
4

Ke f f ` Lq
8
3 ´ Mrq

4
3 “ 0 . (6.31)
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FIGURE 6.3: The isotropic bouncing solutions for ν “ 10 and various
values of Mr (σ˘ “ 5 “ ω˘).

If we assume that at the quantum bounce the intrinsic curvature is negligible, i.e. L “

0 as before, whereas at the classical re-collapse the quantum repulsion is negligible,
i.e. Kiso “ 0, then we find the minimal and maximal q to read,

qmin “

ˆ

9Ke f f

4Mr

˙
3
4

, qmax “

ˆ

Mr

L

˙
3
4

. (6.32)

Furthermore, the maximum p “ pmax occurs for q such that

BČiso

Bq
9

9
2

Ke f f ´
2
3

Mrq
4
3 ´

2
3

Lq
8
3 “ 0, (6.33)

which after neglecting L gives q “ p27q
1
4 qmin, at which

pmax “
4

3p27q
1
4
?

2

M3{4
r

K1{4
e f f

. (6.34)

A few bouncing trajectories are plotted in Fig. 6.3. In the isotropic case, the only term
of the generalized-Friedmann equation that can cause accelerated expansion is the
quantum curvature qRQ, just after finishing the contraction phase and initiating the
expanding one. We note that in this case the phase of accelerated expansion is very
brief and clearly insufficient from the point of view of the process of structure for-
mation at a substantial range of cosmological scales. Indeed, combing the minimal
value qmin (6.32) with the value of q at which the acceleration terminates (defined in
Eq. (6.38) to be discussed later) we find that ∆N “ ln

´

aend
amin

¯

“ lnp
?

2q e-folds. This

is due to the fact that the term qRQ dominates the dynamics during a brief amount of
time.
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6.2.2 Anisotropic dynamics

The anisotropy makes the dynamics of the universe too complex to be solved ana-
lytically. In order to reduce the complexity of the system it is common to employ
the adiabatic approximation [37, 38]. In this approximation the complicated, oscil-
latory motions of the anisotropic variables are replaced with their energy averaged
over many oscillations under the assumption that the value of the isotropic variable
q does not change significantly during this time. Moreover, the anisotropy poten-
tial that is responsible for the oscillations also requires an approximation such as
the harmonic approximation or the steep-wall approximation. Unfortunately, these
approximations have a rather restricted regime of applicability. Therefore, in the
present work we choose to combine numerical computations with some analytical
estimates, while keeping fully the potential and the anisotropic oscillations.

-6 -4 -2 2 4
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FIGURE 6.4: Two cycles in the evolution of an anisotropic universe
plotted in the pq, pq- and pβ´, β`q-planes. The first and the second
cycle are given by solid and dashed curves, respectively. Despite the
fact that the first one is very isotropic and resembles the solutions of
Fig. 3, the second one accumulates anisotropy on the approach to
the bounce that now happens at a smaller volume. The dynamics
around the second bounce is very asymmetric in the pq, pq-plane. The
trajectory in the pβ´, β`q-plane starts around the minimum where it
remains for the first cycle. Then during the second cycle it moves to
larger values of β˘ where it bounces off the potential walls producing
oscillations. We set the following initial data: q “ 2.0, p “ ´52.6579,
β` “ ´0.01, β´ “ 0.005, p` “ 0.0, p´ “ 0.0. We set the parameters

as follows: ω˘ “ 50, σ˘ “ 100, ν “ 37.5 (Ke f f “ 9.255), R “ 104.

In Fig 6.4 we present numerically integrated two cycles of a generic semiquan-
tum mixmaster solution. As in the isotropic case, the anisotropic universe avoids
the singularity through bounces. The quantum potential diminishes rapidly after
the bounces and the anisotropy takes over the dynamics, leaving some imprints.
Finally, the matter density exceeds the anisotropic energy density, and the standard
Friedmann cosmology begins. Note that the two cycles (one given by the solid curve
and the other by the dashed curve) are very different. The first one follows closely
the isotropic solution and the β˘’s remain very small, whereas in the next cycle
anisotropy develops as the universe contracts and the β˘’s start oscillating inside
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one of the channels. It results in an asymmetric bounce, leading to the destruction of
the cosmic periodicity with each new cosmic cycle being different from the previous
one. One typically observes a few oscillations in the expansion rate right after the
bounce. Moreover, a high rate of post-bounce expansion can last for an extended
period of time as seen from the behavior of the dynamical variable p. In [39] a sim-
ilar behavior was observed and explained by the growth of the anisotropic energy
triggered by the bounce. By the virtue of the Hamiltonian constraint, this newly pro-
duced anisotropic energy has to be balanced by the growth of the isotropic energy.
During the bounces, the entire isotropic energy takes the form of the repulsive po-
tential. As the universe starts to re-expand, the entire isotropic energy is transferred
back to isotropic expansion. The observed dynamics points to the possibility for a
phase of sustained accelerated post-bounce expansion lasting for some e-folds. We
shall investigate this issue in the following section.

Let us show now that a bounce exists in the generic semiquantum dynamics of
the mixmaster universe. We note that the bounce must occur in the following subset
of the constrained surface:

p “ 0, 9p “
6Ke f f

q3 ´
8Q´2

3
p2

q3 ą 0. (6.35)

The above set of conditions defines a 4-dimensional subspace in the 5-dimensional
constraint surface. A generic trajectory must pass through that region or even cross
it infinitely many times. To see that in fact any trajectory should bounce let us follow
the dynamics of p along a typical trajectory in the constraint surface3:

9p “

9
2 Ke f f

q3

´
2Q´2

q3

#

p2 ´ 12
Q 2

3

Q´2
q

8
3 rV̌pβq ´ 1s

+

.
(6.36)

We note that the first and the third terms are positive while the second one negative,
and their absolute values grow as the universe contracts with q Ñ 0 and p ă 0. As
the anisotropic variables oscillate inside the potential walls the anisotropy energy
(or, its part) is being transferred back and forth between the second (the kinetic) and
the third (the potential) term. Initially, the sum of these two terms is negative and the
first term is negligible as the universe is contracting more and more rapidly ( 9p ă 0).
However, because of the oscillatory energy transfer, the absolute value of the two
terms must grow slower than q´3. Hence, down the line at some value of q ą 0 their
sum must become dominated by the first term that is positive and grows as q´3. As
a result, for sufficiently small value of q (provided that the bounce has not occurred
before) the dynamics is sufficiently well-approximated by

9q “
9
2

p, 9p «

9
2 Ke f f

q3 , (6.37)

leading to essentially the isotropic dynamics that we showed previously to be non-
singular. Hence, the bounce must eventually happen for any trajectory.

The set of semiquantum Hamilton equations constitutes a non-linear system
whose dynamics is chaotic. Therefore, although the standard solution in general

3The difference between 9p in Eqs (6.35) and (6.36) is vanishing at the constraint surface.
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follows a evolution like the one described above for Fig. 6.4, the form of the cy-
cles in the plots of the isotropic phase space trajectories can vary a lot depending on
both the initial values of the six dynamical degrees of freedom and the values of the
semiquantum parameters. For each initial condition in the isotropic half-plane there
remains a huge amount of freedom in determining the initial data for the anisotropic
variables inside the anisotropic potential. This leads to infinitely many trajectories
for the isotropic geometry from a given point pq, pq. These trajectories can differ from
each other a lot, in particular, they can exhibit very different post-bounce dynamics
with widely varying inflationary phases depending on how strong and long-lasting
is the influence of each of the anisotropic terms pqRani or qσ2q.

6.3 Accelerated expansion

The quantum dynamics of the mixmaster universe is very rich and could, for in-
stance, exhibit a prolonged phase of accelerated expansion during which the local
structure inside the mixmaster universe is amplified in the same way as it happens
for inflationary phase driven by a scalar field. The investigated issue is thus impor-
tant. The existence of a robust inflationary phase in a bouncing anisotropic model
could provide a serious challenge to the hypothesis of inflaton and its paramount
role in the primordial evolution. On the other hand, the non-existence of such a
phase in our model should in principle strengthen the existing arguments in favour
of inflaton as another attempt at challenging its exceptional status fails.

6.3.1 General remarks

The accelerated expansion takes place when :a ą 0, or

d
dη

H ą 0, (6.38)

where H “ á{a “ 9a is the conformal Hubble parameter4. When the conformal Hub-
ble horizon H´1 is shrinking, perturbation modes of fixed co-moving wavelengths
leave the horizon and become amplified. It is often assumed that the span of wave-
lengths that exit the horizon during the inflationary phase is such that k f in{kini Á 108.
This is equivalent to say that the increase in orders of magnitude of the conformal
Hubble rate H during the inflationary accelerated expansion is assumed to be at
least 108. The growth in the number of wavelengths that cross the horizon reads:

dk
kini

“
dH
Hini

“
1
Hini

dH
dN

dN, (6.39)

where we have expressed the growth of the superhorizon scales as a function of the
number of e-folds: N “ lnpa{ainiq. We find this unit of time to be very convenient.
It measures the number of times the space grows during expansion (or shrinks dur-
ing contraction). The range of scales that leave the horizon during a finite number
of e-folds ∆N can be estimated from the initial state of the system via the Taylor

4Differentiation with respect to cosmic and conformal time are denoted by ‘ 9 ’ and ‘´’, respectively.
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expansion:

k f in

kini
“

1
H

dH
dN

ˇ

ˇ

ˇ

ˇ

ˇ

ini

∆N `
1
2

d
dN

ˆ

1
H

dH
dN

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ini

p∆Nq2

` Op∆N2q.

(6.40)

If we assume that the second- (and any higher-) order term is much smaller than

the first one, i.e.,
ˇ

ˇ

ˇ

p∆Nq2

2
plnHq,NN

ˇ

ˇ

ˇ

ini
! k f in{kini, then for most of the inflationary

phase the Hubble horizon remains more or less constant and the phase lasts for

∆N “
k f in

kini

ˆ

1
H

dH
dN

˙´1 ˇ
ˇ

ˇ

ˇ

ini
of e-folds.

6.3.2 Proper analysis

If an inflationary phase occurs in the semiquantum mixmaster model it must be
driven by either the quantum curvature 1

6 ŘQ or the anisotropy energy 1
3 σ̌2 ´ 1

6 Řani, or
a combination of both. We therefore neglect the radiation and the isotropic curvature
and re-write the generalized Friedmann Eq. (6.26) as

H2 “
1
6

ρ̌ani ´
1
6

ŘQ ą 0, (6.41)

where we introduced the notion of the anisotropy energy density 1
6 ρ̌ani “ 1

3 σ̌2 ´ 1
6 Řani.

We use the above equation to derive the Raychaudhuri equation (the equation
describing the rate of change of expansion5 [97]) with the expansion parameter re-
placed by the conformal Hubble parameter. Let us assume that at each moment
of time the right-hand side terms are well-approximated by power functions in the
scale factor,

1
6

ρ̌ani “
λani

anani`2 ,
1
6

ŘQ “
λQ

a6 , (6.42)

(λani ą 0, λQ ą 0), i.e., their logarithms are approximately linear in the number of
e-folds, N 9 ln a. Note that the anisotropy effectively acts as a barotropic fluid with
p
ρ “ wani “ pnani ´ 1q{3. We find

d
dη

H “
a
2

d
da

H2 “ ´
naniλani

2anani
`

2λQ

a4 . (6.43)

In order for the accelerated expansion to occur the condition (6.38) must hold, that
is,

0 ă λQ ´
naniλani

4anani´4 , (6.44)

5The Raychaudhuri equation express the rate of change for the expansion of of a congruence of
timelike geodesics in a given spacetime. We derive an analogue to such equation by fixing the corre-
spondence between our semiquantum geometric quantities expressed in terms of the canonical vari-
ables and the geometrical concepts related to the congruence of geodesics (expansion, shear, curva-
ture).
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which must be consistent with the Friedmann equation (6.41),

0 ă
λani

anani´4 ´ λQ. (6.45)

Let us first assume that λQ “ 0, that is, the influence of the quantum curvature
on the expansion is negligible. By Eq. (6.44). it is possible only if nani ă 0. This
behaviour coincides with the barotropic fluid behaviour with wani ă ´ 1

3 . We will
see below that this behaviour of the anisotropy energy density is impossible neither
in the classical nor in the semiquantum model.

Since we neglect the radiation it is impossible to neglect anisotropy by putting
λani “ 0, i.e., it has to be present in the expanding universe if the condition (6.45) is
to hold. Moreover, we already proved in the isotropic case that, if quantum curva-
ture is the only possible source of accelerated expansion, such phase lasts for very
short time. Therefore, the anisotropic energy cannot be neglected when the quantum
curvature stops driving the dynamics in order to sustain the accelerated expansion.

The remaining possibility is that both the anisotropy and the quantum curva-
ture are important in the expanding universe. In this case the above conditions are
combined into (nani ą 0):

naniλQ ă
naniλani

anani´4 ă 4λQ, (6.46)

from which we see immediately that 0 ă nani ă 4. Upon dividing the above inequal-
ity by naniλQ and fixing λani

λQ
eNip4´naniq “ 1, λani

λQ
eN f p4´naniq “ 4

nani
, we obtain

e∆Np4´naniq “
4

nani
, (6.47)

where ∆N “ N f ´ Ni. One may verify that there are two solutions to the above

equation for nani if ∆N ą
1
4

. The accelerated expansion must occur at least for
around ∆N Á 60 e-folds in order to enough number of modes become super-horizon
and match the current observations as the standard inflationary predictions do [26,
98]. This means that nani must be very small and close to nani “ 4e´4∆N during
the accelerated expansion phase. This behavior coincides with the barotropic fluid
behavior for the barotropic index wani « ´ 1

3 , which, as we show below, can not
last sufficiently long to yield a robust inflationary phase. Another solution is nani “

4, which lies in the closure of the admissible values but does not belong to them.
Hence, we exclude this solution.

Note that we may also interpret Eq. (6.47) as yielding the number of e-folds for a
given value of nani assumed to be constant during the accelerated expansion phase.
Since nani ă 4 we conclude that the lower bound for the number of e-folds reads
∆N “ 0.25. This lower bound implies that anisotropy can in fact reduce the dura-
tion of the inflationary phase with respect to the isotropic radiation-filled universe,
for which the number of e-folds ∆N “ ln

?
2 « 0.347 ! 60 is clearly above the

found lower bound (see Sec. 6.2.1), though still much too small to reproduce the
inflationary scenario.
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Numerical analysis

Let us now re-express the generalized Friedmann equation (6.41) in terms of the
mean scale factor:

H2 “ ´
1
64

Ke f f

a6 `
Q´2

144
p2

a6 `
Q 2

3

4

qVpβq

a2 , (6.48)

Looking at the approximation (6.42) of the anisotropy energy density as a power
of the scale factor nani ` 2, requiring nani to be maintained very small means that
the last term of the above Friedmann equation is the one that must dominates the
dynamics during the phase of accelerated expansion, when anisotropy takes over
after the quantum curvature diminishes. In other words, the anisotropic intrinsic
curvature p´ 1

6
qRaniq must be much larger than the kinetic term p 1

3qσ
2q for sufficiently

long time for the above model to potentially generate enough e-folds of accelerated
expansion. However, the semiquantum anisotropic potential qVpβ˘ptqq, cannot be
assumed to remain at a constant value. Therefore, the evolution of the position of
the fictitious particle in the pβ´, β`q plane inside the potential plays a crucial role in
fuelling the inflationary behaviour [95].

The semiquantum anisotropic potential (6.16) is roughly triangular, with three
canyons (or channels) in each of the vertices that now become confined (closed) due
to the semiquantum corrections (see Fig.6.1-right). A study of the canyons shows
that their profiles can be flattened, i.e, made grow less steeply, by increasing the
value of the free quantization parameters ω˘. That is, choosing a higher value of ω˘

makes the semiquantum potential look more like its classical version in the sense
that the channels’ length is extended, allowing the particle to penetrate into higher
values in the pβ´, β`q plane. However, the semiquantum regularization does not
allow to make the bottoms of the canyons asymptotically (β˘ Ñ ˘8) approach
to zero value, as in the classical potential. On the contrary, their bottoms always
raise indefinitely as β˘ Ñ ˘8. Thus, the most likely scenario, with the longest
phase of inflationary dynamics, assumes the particle to be placed deep inside one
of the channels shortly after the anisotropy energy takes over the dynamics. Along
with the latter situation, we make the bottom of the channels as flat as possible,
with a suitable choice of ω˘. Then, we seek the anisotropic potential to consistently
dominate for the largest number of e-folds over the kinetic term. If the potential is
sufficiently flat inside the channels, the particle should be rolling down the potential
very slowly.

We performed multiple numerical simulations of the above scenario. A typical
example of the post-bounce evolution is plotted in Fig. 6.5. As one can observe, the
model is not able to generate inflationary dynamics lasting sufficiently long. There-
fore, we conclude that the semiquantum mixmaster universe cannot undergo a ro-
bust phase of accelerated expansion. This is due to the fact that, as we explain in
the next section with analytical investigation, the anisotropy power law nani value
cannot be maintained close to zero during enough time, because the semiquantum
anisotropy potential is everywhere (besides the origin where it takes very small val-
ues) too steep for the slow roll of the anisotropy variables.

Analytical analysis

Let us now inspect the equations of motion for anisotropy. We use the analogy be-
tween scalar fields in isotropic universe and the anisotropy variables. Upon dividing



6.3. Accelerated expansion 99

-2 -1 1 2 3 4 5

-200

200

400

-1.5 -1.0 -0.5 0.5 1.0

0.5

1

5

10

50

-1.5 -1.0 -0.5 0.5 1.0

1

2

3

4

-1.5 -1.0 -0.5 0.5

0.1

100

101

102

103

104

105

FIGURE 6.5: A typical solution to the semiquantum mixmaster uni-
verse close to the bounce, with extended inflationary dynamics. In the
pq, pq-plane the accelerated expansion is initially driven by the semi-
quantum curvature correction as the universe bounces, then it ends
and appears again driven by the anisotropic curvature. In the pN,Hq-
plane the inflationary dynamics is exhibited in the growth of the con-
formal Hubble rate H, which takes place at the beginning of expan-
sion, around N « ´1.5, and from around N « ´1 to N « ´0.5. In
the pN, naniq-plane the inflationary dynamics is reflected in the small
values of nani « 0, which happens at the bounce and during the
anisotropy-driven inflation (recall that nani describes the behaviour
of the anisotropy energy, ρ̌ani9

1
a2`nani

). As the bottom-right panel
shows, the dynamics is initially driven by the quantum curvature re-
sponsible for the bounce, then it is taken over by the anisotropy: first
there is a lot of shear and little of anisotropic curvature so the dynam-
ics is not inflationary (what yields nani « 4). The inflationary dynam-
ics begins once the energy of shear is transferred to the anisotropy
potential, when the particle is slowing down deep inside one of the
potential channels, which takes place around N « ´1. We set the
following initial data: q “ 0.1, p “ ´312.895, β` “ 0.0, β´ “ ´1.71,
p` “ 0.0, p´ “ 15.0. We set the parameters as follows: ω˘ “ 56.23,

σ˘ “ 100, ν “ 40008 (Ke f f “ 10001.7), R “ 102.
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the anisotropic part of the semiquantum Hamiltonian (6.17) by ´36Q 2
3
q

2
3 (or, by set-

ting 1{N :“ ´36Q 2
3
q

2
3 ) it acquires the following form:

Hani “
p2

2m
` V

Ź

pβq, (6.49)

where the mass mpqq “ 18Q 2
3
q

8
3 {Q´2 depends on the size of the universe in such a

way that m grows as the universe expands. The equation of motion for β˘ reads

:β˘ “ ´
1
m

V

Ź

,β˘
´

9m
m

9β˘. (6.50)

This dynamics is conservative only when 9q “ 0. However, 9q ą 0 as the universe
expands, and hence the energy Hani may only decrease. Given that the anisotropy
energy density at each moment of time behaves as a power function of the scale
factor (see Eq. (6.42)), we have

ρ̌ani 9
Hani

a2 9
1

anani`2 , (6.51)

with nani ą 0 as was to be shown. Upon inspecting the Hamiltonian (6.49) we clearly
see that the kinetic energy scales as a´4, whereas the potential energy is independent
of the scale factor. Hence, we conclude that 0 ă nani ă 4.

In order to reproduce the inflationary dynamics, we must have nani “ 4e´4∆N ,
which is positive and very small for ∆N « 60 e-folds. This requires the dynamics to
be dominated by the anisotropy potential with a negligible kinetic energy 9β˘ « 0. In
other words, the relative change of the potential during that number of e-folds must
be very small. We find

dV

Ź

“ V

Ź

,˘dβ˘ “ V

Ź

,˘
9β˘

H
∆N “ ´V

Ź

,˘ p˘

Q´2∆N
12q2H

, (6.52)

where H is the Hubble rate. Let us assume dV

Ź

“ ´
p2

2m

ˇ

ˇ

ˇ

f in
(i.e., the difference between

total energy and potential energy transferred to the kinetic term at the end of infla-
tion, with qV assumed to dominate the anisotropy energy until the end of accelerated
expansion phase) and combine it with the last relation to obtain

dV

Ź

“

«

V

Ź

,˘

?
2mQ´2∆N

12q2H

ff2

. (6.53)

Thus, the condition dV

Ź

{V

Ź

! 1 implies

V

Ź

,˘

V

Ź

!
2H{

a

V

Ź

b

Q 2
3
{Q´2∆N

, (6.54)
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where the conformal Hubble rate reads roughly H «
Q 2

3
2

a

V

Ź

(by the virtue of the
constraint equation) yielding

V

Ź

,˘

V

Ź

!

b

Q 2
3
Q´2

∆N
. (6.55)

The right hand side of the above expression is very small. In our semiquantum

model model we have 2 ă
|V

Ź

,˘|

|V

Ź

|

ă 8 except close to the point of origin β “ 0,

where the potential V

Ź

has the minimum. We see that neither classical nor semiquan-
tum potential can satisfy the above requirement and hence a sustained inflationary
phase is excluded from this model. It is the exponential character of V

Ź

that disallows
anisotropy-driven inflation.

At this point it is interesting to note that the inflationary phase might occur in
the harmonic approximation of the anisotropy potential as

|V,˘|

V
“

|2β|

β2 “
2

|β|
, (6.56)

can be smaller than any value provided that the particle is placed sufficiently far
away from the point of origin β “ 0. This explains the previous result obtained
in a full quantum framework in [39], where the harmonic approximation to the
anisotropy potential was used.

Comparison with simple inflaton model replacing anisotropy

It is instructive to compare the anisotropy Hamiltonian to that of a minimally cou-
pled scalar field in a closed universe. The scalar field Hamiltonian constraint reads:

Cϕ “ N
ˆ

1
2q2 π2

ϕ ` q2Vpϕq

˙

, (6.57)

which can be brought to the form of Eq. (6.49) by setting N :“ 1{q2:

Hϕ “
1

2m1
π2

ϕ ` Vpϕq, (6.58)

where m1pqq “ q4. Now, we see clearly that the key difference lies in the respective
masses mpqq and m1pqq. The energy density of the scalar field now reads

ρϕ 9 Hϕ 9
1

anϕ
, (6.59)

where 6 ą nϕ ą 0 following from the same reasoning as before. We clearly see that
because of the minimal coupling the requirements for the inflationary potential are
much milder than for anisotropy potential. Furthermore, given a complete (or, al-
most complete) freedom in proposing the inflationary potential, one may choose the
harmonic one that easily produces the desired accelerated expansion. The numerical
comparison of inflaton- (with quadratic potential) and anisotropy-driven dynamics
in the post-bounce evolution is given in Fig. 6.6.
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FIGURE 6.6: The evolution of the conformal Hubble rate in the
anisotropy- and inflaton-dominated universes. On the left we see a
robust exponential growth of the conformal Hubble rate generated
by inflaton in a quadratic potential. On the right we see how the
anisotropic curvature (just after the bounce ends) increases the con-
formal Hubble rate only by little and in an oscillatory manner (due
to the oscillating anisotropic deformations β˘). We set the following
initial data: q “ 0.1, p “ ´5.139, β` “ 0.579, β´ “ 0.748, p` “ 0.175,
p´ “ 0.15, ϕ “ 2615121.8, πϕ “ 0.01. We set the parameters as fol-
lows: ω˘ “ 177.83, σ2

˘ “ 0.04738, ν “ 350 (Ke f f “ 11.9083), R “ 1.0,
the mass of inflaton mϕ “ 0.0000578.

6.4 Brief discussion of results

In this chapter we investigated whether a quantum anisotropic primordial universe
can spontaneously induce a phase of inflationary dynamics. We first derived a very
generic quantum model of mixmaster universe via integral covariant quantization
and coherent states methods. Thanks to these methods we were able to cover a wide
range possible quantization ambiguities and semiquantum frameworks parametrized
by a set of arbitrary constants. Then, using the equations of motion we found the
reasons for why anisotropic universe, neither classical nor quantum, can not induce
a sustained inflationary phase. In order to state these reasons clearly we compared
the anisotropic model to the single-field inflationary model.

Both the anisotropy and the inflaton energy are declining as the universe ex-
pands. However, a minimally coupled field can produce effective pressure with
wϕ P p´1, 1q while anisotropy produces effective pressure with wani P p´ 1

3 , 1q. It is
well-known that we f f ă ´ 1

3 is required in order for accelerated expansion to take
place. Therefore, pure anisotropy fails to induce inflation. Nevertheless, if one adds
to the system a quantum correction in the form of repulsive potential, then any con-
tribution, including anisotropy, can induce inflation for wani « ´1{3. Thus, in prin-
ciple, anisotropy could induce a sustained inflationary phase if its potential allowed
for it. The crucial property is that in order for its effective pressure to remain min-
imal the relative change of the potential along a dynamical trajectory must be very
small and slow. For the anisotropy potential this is however impossible because the
potential is fixed by general relativity to be exponential. The inflationary potential
does not have this limitation and could be, e.g., quadratic. We note that even quan-
tization of the anisotropy potential does not change its exponential character.
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7
Conclusions and prospects for the
future

Notwithstanding the fact that the results presented in this doctoral thesis do not con-
stitute a new complete alternative theory, they provide a basis for the construction
of such a theory in the future and set down the direction to be followed. This thesis
contributes to the study of the effects that a quantum background can introduce on
the evolution of the primordial universe. We found that, in the cosmological per-
turbation theory over a fluid-filled FLRW universe, there exist two, and only two,
inequivalent ways of quantizing the model. This is in contrast with inflationary
models, where the quantization is unique and the basic perturbation variable choice
is made by convenience. The ambiguity that we find requires a background with
a strong departure from the classical evolution on which inflationary models are
based. The finding that the choice of basic variables matters is important as it affects
the construction of the proposed quantum bouncing models. One might be tempted
to reject one of the solutions of this simple model as unphysical and interpret that
their predictions do not have a big significance. However, for the moment it is not
clear how consequential it can be for more complex models. In other words, the sec-
ond solution being too peculiar to be viable in comparison with the generic one may
not be the case in more intricate quantum cosmologies.

In those isotropic bouncing models, even though their background does not ex-
perience a long-lasting inflationary dynamics, we proved that their quantization
gives raise to a bounce that, solves the big-bang singularity, and produces a mech-
anism to generate cosmological structures by amplification of primordial vacuum
fluctuations, which is the relevant physical outcome to look forward. The model,
however, could in principle be improved to match the observations. The main issue
is that the generated power spectrum is slightly blue tilted (for the assumed w ą 0).

The introduction of a significantly more generic model (mixmaster universe) in-
cluding primordial anisotropy was proved to be not sufficient to make the bounc-
ing semiquantum background generate enough inflationary dynamics. This means,
we concluded, that the combination of anisotropic and quantum background can-
not reproduce the accelerated expansion behaviour of a universe filled with a scalar
(inflaton) field. It is tempting to speculate that, since anisotropy can produce an ef-
fective cosmological fluid pressure with w « ´1{3, the mixmaster universe could
still be a promising model for a cosmological scenario in which anisotropy plays a
key role in the generation of primordial structure. That would be a bouncing cos-
mology in which the structure generation starts in the contracting phase and then is
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smoothly transferred through a bounce to the expanding phase, such as in the per-
turbed isotropic models studied here, with the anisotropy modifying the contraction
and the bounce and leading to the primordial perturbations with the correct spec-
trum. In this scenario, one could expect, there is more anisotropy in the contracting
phase than in the expanding. The proposed scenario would require to apply pertur-
bation theory in the anisotropic background, in order to study how the anisotropic
oscillations interplay with the contracting and expanding phase and influence the
propagation of primordial perturbations, leaving their new imprints in the spec-
trum above certain scale. We note that, in an anisotropic model, the dynamics of
perturbation modes would be direction dependent (vk Ñ v⃗k). Whether the resul-
tant gravitational potentials modified by anisotropy can amplify the perturbations
properly in each direction is a really interesting as well as challenging question to
investigate. The suggested research would involve highly non-trivial calculations
very likely uncovering new and rich physics of cosmological perturbations that in-
teract in more sophisticated ways, e.g. via couplings between different modes of
perturbations.

It would be an honour for me to be part of the research dedicated to such ambi-
tious and exciting cosmological scenario.
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