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Abstract
Modelling the primordial universe with quantum spacetimes

Jaime DE CABO MARTÍN

The understanding of the origins and evolution of the Universe is the fundamen-
tal goal of cosmology. The available mathematical description breaks down at the
very beginning of the evolution - the big-bang singularity, which is a long-standing
issue of the classical cosmology, hindering the comprehension of the nature of the
Universe at its earliest stage.

This doctoral thesis investigates a simple cosmological model of Friedmann-
Lemaitre-Robertson-Walker universe, filled with a perfect fluid, and furnished with
primordial inhomogeneous scalar perturbations. The quantization of the background
spacetime by means of covariant quantization methods is our proposal for a novel
approach to studying the early universe. Our research shows that this model re-
solves the initial singularity by replacing it by the so-called big-bounce, a propitious
alternative to the current paradigm based on inflation.

The quantum effects in the dynamics of the perturbations can lead to nonequiv-
alent evolutions. We observe that an ambiguity arises due to the quantization of the
background space-time, leading to physically inequivalent evolutions at the quan-
tum level despite being equivalent classically. This results in ambiguous predictions
for the amplitude power spectrum of primordial perturbations. This result of our
research raises new questions and challenges for the development of quantum cos-
mology. In addition, we study the physical predictions that follow from the final
quantum state of perturbations amplified by the big bounce and constrain our model
with observational results. Our research shows that the final quantum state of per-
turbations contains a lot of information about the early universe, which can be used
to further refine the model and to make more detailed predictions.

Finally, we investigate the homogeneous but anisotropic quantum mixmaster
universe. First, we quantize the model and apply to it a semi-quantum approxi-
mation. Then we examine the possibility for the existence of a sufficient amount of
inflationary dynamics in the semi-quantum model. We show that this model can
undergo only limited amount of inflation and thus does not include a robust infla-
tionary mechanism for generating the primordial structure. Our findings provide
new insights into the behaviour of anisotropic cosmologies in the quantum regime.

Overall, this doctoral thesis describes a comprehensive investigation into the
quantum dynamics of the early universe and its evolution, expanding our viewpoint
on the fundamental nature of the Universe.

HTTP://WWW.NCBJ.GOV.PL
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Streszczenie
Modelling the primordial universe with quantum spacetimes

Jaime DE CABO MARTÍN

Zrozumienie pochodzenia i ewolucji Wszechświata jest podstawowym celem kos-
mologii. Dostępny matematyczny opis ewolucji załamuje się w samym jej początku
- osobliwości wielkiego wybuchu, stanowiącej odwieczny problem klasycznej kos-
mologii, utrudniający zrozumienie natury Wszechświata w jego najwcześniejszym
stadium.

W tej pracy doktorskiej badany jest prosty model kosmologiczny wszechświata
Friedmanna-Lemaitre’a-Robertsona-Walkera, wypełnionego płynem doskonałym i
rozszerzonego o pierwotne niejednorodne zaburzenia skalarne. Kwantyzacja cza-
soprzestrzeni tła przy użyciu uogólnionych kowariantnych metod kwantyzacji to
nasza propozycja nowego podejścia do badania wczesnego wszechświata. Nasze
badania pokazują, że ten model jest w stanie rozwiązać początkową osobliwość
przez zastąpienie jej tzw. wielkiem odbiciem, obiecującej alternatywy dla obecnego
paradygmatu opartego na teorii inflacji.

Efekty kwantowe w dynamice zaburzeń mogą prowadzić do ich
nierównoważnych ewolucji. Dokonujemy obserwacji, że ta niejednoznaczność
wynika z tego, że tło kosmologiczne jest skwantowane, co prowadzi do fizycznie
nierównoważnych ewolucji na poziomie kwantowym, mimo, że klasycznie były
równoważne. Skutkuje to niejednoznacznością przewidywań na spektrum mocy
amplitudy pierwotnych zaburzeń. Ten wynik badań stawia nowe pytania i wyzwa-
nia dla rozwoju kwantowej kosmologii. Ponadto, badamy przewidywania fizyczne
jakich dostarcza stan końcowy zaburzeń wzmocnionych przez wielkie odbicie i
ograniczamy nasz model dzięki obserwacjom. Nasze badania pokazują, że końcowy
stan kwantowy zaburzeń zawiera wiele informacji o wczesnym wszechświecie,
które można wykorzystać do dalszego udoskonalenia modelu wielkiego odbicia i
do jeszcze dokładniejszych przewidywań.

Co więcej, badamy jednorodny, anizotropowy kwantowy model wszechświata
mixmaster. Najpierw kwantujemy model i wprowadzamy semi-kwantowe przy-
bliżenie. Potem badamy możliwość zajścia wystarczającej ilości samoistnej inflacji
na poziomie semi-kwantowym. Pokazujemy, że ten model zawiera ograniczoną
ilość inflacyjnej dynamiki i nie zawiera inflacyjnego mechanizmu generacji pierwot-
nych struktur. Nasze wyniki dostarczają nowych spostrzeżeń na temat zachowania
kosmologii anizotropowych w kwantowym reżimie.

Podsumowując, ta rozprawa doktorska opisuje wszechstronne badanie kwan-
towej dynamiki wczesnego wszechświata i jego ewolucji, poszerzające naszą per-
spektywę na fundamentalną naturę Wszechświata.

HTTP://WWW.NCBJ.GOV.PL
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1
Motivation to study quantum
models of the early universe

Unravelling the mysteries of the cosmos is one of the oldest scienti�c objectives.
At least �ve thousand years ago, in ancient Egypt, human beings already looked
up to the sky, trying to �nd answers to the deepest questions about the cosmos.
Throughout history, many civilizations attempted to address issues of cosmology
such as the birth, evolution and ultimate fate of the Universe, as well as inquired
about its size or their place in it. Modern physical cosmology, as it is now under-
stood, began in the �rst decades of the twentieth century, with the development of
Albert Einstein's general theory of relativity [1–5], and was consolidated by major
observational discoveries, such as the ones made by Hubble [6] and Vesto Slipher [7]
among others. Due to its success in explaining the observations, General Relativity
is nowadays the most widely accepted theory of gravity, and constitutes the basis
of the Standard Cosmological Model. In addition, in the beginning of the twentieth
century, another theory made its appearance as well: quantum mechanics. The lat-
ter, by assuming the discreteness of the nature, has also been extremely successful in
explaining different observations and predicting new effects on the smallest scales,
that where later veri�ed experimentally. Nevertheless, the ambitious scienti�c goal
of combining quantum theory and General Relativity into a compatible quantum-
gravitational description is still an uncompleted work. Such a description should be
able of explaining with success both the physics of the largest cosmological scales
and the smallest ones where quantum �uctuations control the gravitational interac-
tion. In order to �nd such a theory, the focus should be put on systems where both
gravitational and quantum effects have a signi�cant role and intertwine. Cosmol-
ogy provides a valuable experimental test and veri�cation of quantum-gravitational
theories. Such theories may potentially describe the earliest moments of the history
of the Universe and explain the origin of the primordial structure in the universe.
Therefore, the early universe is one of the most relevant research areas to focus on.
In addition, quantum cosmological theories generally supposes a technically more
manageable framework than quantum gravity, since they usually consider space-
times with a reduced number of degrees of freedom . The results found for these
often soluble cosmological systems can be next generalised to more complex sys-
tems.

It is widely accepted that the primordial universe can be described as a patch of
�at, isotropic and homogeneous space equipped with small Gaussian and adiabatic
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density perturbations with a nearly scale-invariant amplitude spectrum. These den-
sity perturbations provided the seeds for the later formation of the cosmic structures
we observe today (such as galaxies, galaxy clusters and super-clusters, galaxy �la-
ments, walls, voids, etc). This is in accordance with the present observational data
on CMB anisotropies [8], which also indicates that the Universe emerged from an
initial state where the spacetime was extremely curve and the matter �elds were ex-
tremely dense. This is known as the cosmological (or big-bang) singularity. Accord-
ing to the celebrated Hawking-Penrose theorems [9], the appearance of singularities
is a generic feature of general relativity. However, they are commonly conceived
as a breakdown of the underlying theory, since the spacetime geodesics become in-
complete, indicating that our theory should be replaced by a more fundamental and
complete one. A natural candidate is a quantum cosmological theory of the primor-
dial universe.

Currently, the most popular modelling of the origin of cosmic structure is based
on in�ation [10]. The theory of in�ation introduces effects of quantum gravity as
it involves quantisation of the gravitational �eld perturbations around a classical
homogeneous and isotropic cosmological background. Despite its widely acknowl-
edged success, in�ation has some well-known drawbacks, among which two we
highlight as inherent: (1) it postulates the existence of an unknown scalar particle,
the in�aton, in a �ne-tuned potential, what might be dif�cult to implement at high
energy physics; (2) in�ation does not address the issue of initial singularity, i.e., the
in�ationary spacetime is geodesic past-incomplete. Alternative theories based on
quantum cosmology replace the big-bang scenario by a quantum bounce that starts
the cosmological expansion and is preceded by cosmological contraction. They in-
volve even more elements of quantum gravity, making it possible to obtain a more
complete description of the primordial universe. However, it should be noted that
these models come not only with new technical but also unsolved conceptual prob-
lems. As an example of the latter, there is the problem of interpretation of quantum
dynamics of gravitational systems (the so-called problem of time [11]), although it is
not a concern of the work presented here.

In the realm of quantum cosmology, several approaches have been developed
to propose a non-singular quantum model of the universe. One of the �rst that in-
corporates the principles of quantum mechanics and general relativity to propose
a wave function describing the entire universe is the Hartle-Hawking model [12].
Another intriguing approach is Bohmian cosmology, inspired by the pilot-wave in-
terpretation of quantum mechanics [13, 14]. More recently, Loop Quantum Cos-
mology (LQC) has emerged as a compelling framework that merges concepts from
loop quantum gravity and cosmology providing a viable description of the early
universe and addressing the singularity problem [15, 16]. These diverse approaches
offer valuable insights into the nature of quantum cosmology and contribute to our
ongoing quest for a comprehensive understanding of the origins of the universe's
structure.

In order to obtain a more complete description, it would be desirable to con-
struct the most thorough theory of the primordial universe possible. Hence, any
restrictive a priori assumption on the primordial matter or the primordial sym-
metries should be avoided as much as possible. In particular, the last assump-
tion can be relaxed by removing isotropy of the background and employing more
generic spatially homogeneous models, such as the Bianchi types. The introduction
of anisotropy could give rise to new effects and leave imprints in the evolution of
the primordial universe, specially, if there exists interplay between anisotropy and
the quantum bounce. In fact, there exist observational data that suggest some kind
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of anomalies at large angular scales that might require this kind of anisotropic ex-
tension to the standard theories [17]. Therefore, the results of such theories could be,
to some degree, confronted with observations.

This thesis explores possible quantum cosmology models of the origin of primor-
dial structure. We show how the introduction of a quantum state for the background
spacetime resolves the singularity with a quantum bounce. Generalized coherent
states are proposed as novel useful tools for the investigation. They allow to intro-
duce more general quantization methods, in which the possible ambiguities can be
parametrized, and present a semi-classical (or semi-quantum) approximation for the
cosmological background. We carefully analyse the consequences that the ambigui-
ties arising from the quantum nature of the cosmological background can produce,
and investigate whether they can lead to non-equivalent physical predictions. In
this context, we intend to emphasize how important the choice of the relevant vari-
able for the perturbations to be quantized actually is. We examine how the quantum
bounce ampli�es the perturbations and derive the power spectrum for the primor-
dial structure it can generate, in comparison to the in�ationary scenario. Finally, we
include anisotropic oscillations to the quantum homogeneous background space-
time in order to inspect if the interplay between the bounce, contracting phase and
anisotropy is able to generate a universe that reproduces an in�ationary dynamics,
that is, undergoing suf�ciently long accelerated expansion.

The thesis consist of 7 chapters, the �rst one being the present chapter 1:
Chapter 2 establishes the framework for the research results shown in the next

chapters, and introduces the three main theoretical concepts: canonical Hamilto-
nian formalism of cosmological models, with application to (1) the isotropic FLRW
cosmological model �lled with perfect �uid, and its expansion to include scalar per-
turbations, and (2) models with anisotropic background, focusing on the Bianchi IX
universe; (3) the use of generalized coherent states for phase space covariant quan-
tization methods and semiclassical description of quantum systems.

Chapter 3 focuses on the derivation of the semi-quantumbouncing model for clas-
sically equivalent isotropic cosmological models with scalar perturbations. Special
attention is payed to the ambiguities that arise from the quantization process.

Chapter 4 consists in the derivation of the power spectrum of scalar perturba-
tions for the semi-quantum models. That includes further investigation of the am-
biguity and identi�cation of the relevant quantum parameters producing different
predictions.

Chapter 5 describes the study of the �nal quantum state of the perturbations and
physical predictions of the models. Observational data is used to constrain some
parameters of the bouncing solutions.

Chapter 6 introduces the semi-quantum analysis of the dynamics of the anisotropic
and homogeneous quantum mixmaster universe. The obtained solutions are exam-
ined with regard to the existence of in�ationary dynamics.

Chapter 7 summarises the presented results and includes a discussion about fu-
ture research direction.

This thesis is based on the following articles:

• Chapter 3 : Jaime d. C. Martin, Przemys�aw Ma�kiewicz and Patrick Peter.
Unitarily inequivalent quantum cosmological bouncing modelsPhys. Rev. D 105,
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5

2
Theoretical Framework

2.1 Hamiltonian formalism for General Relativity

In this section we introduce the Hamiltonian formulation of General Relativity. We
recall the basic elements of the ADM [18] canonical formalism for General Relativity.
We �rst apply the formalism to a Friedmann-Lemaître-Robertson-Walker universe
�lled with a perfect �uid. For the latter the canonical formalism for relativistic per-
fect �uids by B. Schutz is used. Afterwards, scalar gravity and matter perturbations
are introduced to the model, omitting the vector and tensor perturbations since they
undergo independent dynamics. Our presentation of the framework largely follows
Ref. [19]. In the next section, the same Hamiltonian formalism is applied to the
anisotropic Bianchi IX universe.

The ADM formalism is introduced by writing the following spacetime line ele-
ment:

ds2 � � N2dt2 � qabpdxa � Nadtqpdxb � Nbdtq (2.1)

where a, b � 1, 2, 3 are spatial coordinate indices,N and Na denote, respectively, the
lapse and shift functions, and qab is an induced three-metric on the three-dimensional
spacelike hypersurface with toroidal topology, S � T 3. In canonical relativity, the
spacetime manifold is assumed to admit a foliation M � S � R where R is a time
manifold.

The Hamiltonian of General Relativity is obtained by applying variational princi-
ple [18] to the Einstein-Hilbert Action in the ADM variables ( S is assumed compact,
hence there is not boundary terms)

Sg �
1
2k

»

M
R

a
� gd4x �

1
2k

»

R

»

S
p3R � K2 � Kb

aKa
bqN

?
qd3xdt, (2.2)

where gab is the spacetime metric, R is the Ricci scalar curvature of the spacetime,
3R the one of the three-geometries, Kab � p 9qab � DaNb � DbNaq{2N is the extrinsic
curvature tensor and k � 8p GN . The Hamiltonian is a sum of �rst-class constraints

Cg �
»

S
pNCg � NaCg,aqd

3x (2.3)

with N and Na playing the role of Lagrange multipliers. The gravitational parts
of the four constraints can be written in terms of the ADM phase space variables
pqab, p ab �

?
qpKab � Kqabqqas
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Cg �
?

q
2k

�
� 3R � q� 1pp b

ap a
b � p 2{2q

	
, Cb

g � �
1
k

Dapp abq (2.4)

where Da is the spatial covariant derivative.

2.1.1 Relativistic perfect �uid

Regarding the matter part, the phase space can be extended in order to include per-
fect �uids, each one satisfying a barotropic equation of state p � wr . Schutz was the
�rst to introduce a formalism consisting in a velocity-potential approach to the vari-
ational formulation of relativistic perfect �uids [20, 21]. In order to include perfect
�uids into a cosmological spacetime, let us introduce some basic thermodynamical
quantities: p - pressure, r - energy density, n - number density of �uid's particles,
T - temperature, m � p r � pq{n - enthalpy per �uid's particle, and S - entropy per
�uid's particle ( s - speci�c entropy). In terms of these quantities we can express the
�rst law of thermodynamics as:

dp � ndm� nTdS. (2.5)

In the Schutz formalism, the �uid four-velocity is written in terms of six different
scalar potentials:

Un � m� 1pf ,n � ab,n � qs,n q. (2.6)

We assume the entropy of the perfect �uid to be constant in time and homogeneous
across the space. Therefore, last term of the above expression vanishes. We assume
a non-rotational perfect �uid, then a � b � 0, and we can write the four velocity of
the �uid as a function of two scalar �elds ( f de�ning its �ow and the entropy m) and
the four-metric:

Un � m� 1f ,n (2.7)

with normalization UnUn � � 1. The Schutz action for perfect �uids reads:

Sf �
»

M

?
gppw, f qd4x (2.8)

In the canonical analysis, the variation of this action with respect to the time deriva-
tive of the scalar �eld gives the �uid conjugate momentum pf � � N

?
qnU0, where

we used (2.7) (2.5) andn � Bp{Bm|S. In terms of the phase space variables, the �uid
Hamiltonian reads:

C f �
»

S
p9f pf � N

?
qppw, f qq (2.9)

From this Hamiltonian, one sees that we are interested in 9f and the pressure p. For
the equation of state p � wr , the dimensionless parameter w, called the barotropic
index, is a constant de�ned in the range � 1{3   w   1, where, for instance : w � 0
represents non-relativistic dust, w � 1{3 radiation, and w � 1 stiff matter. That
equation of state can be shown [22] to be equivalent to

ppmq � Km
w� 1

w , (2.10)
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where K is an arbitrary constant. We assume the above equation for the pressure.
This speci�es the following expression for the time derivative of the scalar �eld:

9f � N
pf

?
qKw� 1

w m
w� 1

w � 2
� Naf ,a . (2.11)

The expression of the speci�c enthalpy min terms of the canonical variables can be
determined by means of the normalization condition for Um:

m2 �

�
pf

?
qKw� 1

w m
w� 1

w � 2

� 2

� qabf ,a f ,b . (2.12)

Thus, the �uid Hamiltonian is found to read:

C f �
»

S
pNC f � NaCf ,a qd3x, (2.13)

where the constraints read:

Cf �
ppf q2

?
qKw� 1

w m
w� 1

w � 2
�

?
qKm

w� 1
w , Cf ,a � pf f ,a . (2.14)

Finally, the total gravity and �uid Hamiltonian reads:

C � Cg � C f �
»

S

�
NpCg � Cf q � NapCg,a � Cf ,a q

�
d3x. (2.15)

This total constraint is expanded to second order in perturbations around a �at
FLRW model in the next section.

2.1.2 The FLRW universe

In the case of homogeneous and isotropic Friedmann-Lemaître-Robertson-Walker
�at metric

ds2 � � N2dt 2 � a2pt qdabdxadxb (2.16)

the induced three-metric is qab � a2dab, the shift functions Na vanish in the comov-
ing coordinates, and the three constraints Cg,a vanish along with 3R on the �at and
homogeneous spatial slices.We de�ne the canonical background variables as1:

a2 �
1
3

»

S
qabd

abd3x, pa �
»

S
p abdabd

3x, f̄ �
»

S
f d3x, p̄f �

»

S
pf d3x (2.17)

where we assumed the coordinate volume of the compact spatial slice T 3 to
be V0 �

³
S d3x � 1. Then, in these variables the gravitational constraint (2.4) (later

called the zeroth order Hamiltonian Hp0q
g ) for the FLRW universe reads:

Cg � �
k0N
12a

p2
a, (2.18)

1These variables are considered the zeroth-order variables in the later perturbative expansion.
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where k0 � k{V0. For convenience, let us rede�ne the canonically conjugate back-
ground variables to

q̃ � ga
3p1� wq

2 , p̃ �

a
6p1 � wq

2k0
a

3p1� wq
2 H, t q̄, p̄u � 1, (2.19)

where g � 4
?

6
L �

3p1 � wq
?

1 � w
�
, and pa � 6a2H{k0 with H � 9a{pNaqthe Hubble

rate [23]. With the suitable choice of the lapse function, N � p 1 � wqa3w, the gravity
Hamiltonian can be written in terms of the new variables as:

Cg � � 2k0p̃2. (2.20)

Since the canonical background variable f̄ is assumed to be homogeneous2, for
the background �uid Hamiltonian (2.14) we obtain the following expression:

C f � N
a3K
w

�
|p̄f |

K w� 1
w a3

� w� 1

. (2.21)

Making the aforementioned choice of lapse function and conveniently setting the
arbitrary constant K � w{pw � 1q, we can write the �uid Hamiltonian as:

C f � | p̄f |w� 1. (2.22)

At the same time, we can also perform a canonical transformation of the �uid vari-
ables:

pf̄ , p̄f q ÞÑ pT, pTq:�
�

1
w � 1

pp̄f q
1
w f̄ , pp̄f qw� 1



,

!
T, pT

)
� 1, (2.23)

In these new variables the �uid constraint equals the �uid momentum:

C f � pT. (2.24)

Choice of internal clock

Therefore, for this particular choice of the lapse, it is really easy to solve the total
background Hamiltonian constraint C � 0, and obtain

pT � � Cg. (2.25)

Since the �uid canonical momentum variable equals the gravitational Hamiltonian,
we can reduce the symplectic form and obtain

w
�
�
�
C� 0

� dq̃d p̃ � dp� Tqdp� Cgq (2.26)

to understand that the gravitational part of the constraint ( � Cg) generates the mo-
tion of the variables q̃and p̃ with respect to the internal time ( � T). The motion occurs
in the constraint surface and the Hamiltonian � Cg is called the physical Hamilto-
nian. It is then a standard procedure [24] to promote the �uid variable to the role of
internal clock while removing it and its conjugate momentum from the phase space.

2f̄ is the zeroth order part of f . The to-be introduced �rst order perturbation df is the difference
between them. We consider the speci�c enthalphy mto be a zeroth-order variable, meaning that the

second term in the right hand side of Eq. (2.12) vanish and we just have m
w� 1

w �
�

| p̄f |
K w� 1

w a3


 w� 1

.
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This kind of procedure was �rst proposed by Kuchar [25]. Note that we conveniently
invert the direction of time with respect to the �uid variable � T in order to have a
positive physical background Hamiltonian:

C � � Cg � 2k0p̃2. (2.27)

From now on, we shall denote the internal clock by ” t ” and assume it coincides with
the FLRW time in (2.16) [26].

Background singular solutions

The background Hamiltonian (2.27) is mathematically equivalent to the one of a free
particle on the half-line. For �uids with parameter range � 1{3   w   1, the variable
q̃, as de�ned in (2.19), is proportional to a positive power of the scale factor a. The
big-bang singularity takes place at q̃ � 0, since it corresponds to the vanishing of
the scale factor. In addition, we assume that the only physically viable universes
are the ones with a ¡ 0 Ñ q̃ ¡ 0. Hence, this implies the existence of two separate
branches of solutions: the contraction and the expansion. On the current classical
level, the phase space trajectories of the two branches are straight lines with constant
momentum which are not connected: the ones of the expanding era emerge from
the singularity with p̃ ¡ 0, while the ones of the contracting era terminate at it with
p̃   0. The classical singular solutions are obtained from the background Hamilton
equations stemming from (2.27):

q̃pt q �
a

8k0C t � p qBwqt , p̃pt q �

d
C

2k0
�

qBw

4k0
, (2.28)

where we set the singularity time at t Ñ 0, and C is a constant by virtue of its de�ni-
tion and the Hamilton equation dp̃{dt � 0. For later convenience we set the constant
to be C � p qBwq2{p8k0q. It can be shown [27] that the background Hamiltonian (2.27)
C � p 1 � wqEf |a� 1 equals p1 � wqtimes the energy of the �uid contained in the uni-
verse when a � 1. Then, in order to assign the correct trajectory to the background
universe, one need to know the value of the energy of the �uid in the whole universe
when a � 1. Such a value can be determined only when one knows the size of the
universe, which can be �xed by demanding that the volume of the observable patch
be a �xed ratio ( r � 1) of the size of the full universe.

2.1.3 Perturbative expansion - scalar modes

Let us now expand the canonical formalism up to second order in perturbations to
the FLRW universe. We de�ne the canonical perturbation variables as differences
between the ADM and the background variables (2.17):

dqab � qab � a2dab, dpab � p ab �
1
3

padab, df � f � f̄ , dpf � pf � p̄f . (2.29)

Then, a2, pa, f̄ , and p̄f are zeroth order quantities. The Poisson brackets read
t dqabpxq, df a1b1

px1qu � da1

pad
b1

bqd
3px � x1q,

 
df pxq, dpf px1q

(
� d3px � x1q. Perturbations

of the lapse and the shifts are also introduced: N ÞÑN � dN, Na ÞÑNa � dNa, thus
now N and Na are zeroth order quantities. The total Hamiltonian (2.15), expanded
up to second order has the following structure:
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H � Hp0q �
»

S

�
NH p2q � dNH p1q � dNaHp1q

a

	
d3x.3 (2.30)

The second order Hamiltonian generates the dynamics of the �rst order perturba-

tions. It is not a constraint since, in addition to the constraints Hp1q and Hp1q
a , it

includes a non-vanishing term, NH p2q, where the choice of the lapse function N
was de�ned below (2.19). For that reason, from now on we shall denote our total
Hamiltonian by H in order to differentiate it from the vanishing (zeroth-order) back-
ground Hamiltonian constraint ( C � Cg � C f ), that has been reduced to (2.27) and is
now denoted by Hp0q � 2k0p̃2. Observe that the above Hamiltonian lacks �rst-order
terms in perturbations. The dynamics is determined from the variation of the ac-
tion (2.2)+(2.8), which vanish at �rst order of the perturbative expansion. This is so
because the mean value of the �rst order perturbation terms after integration over
the whole space S is zero. It is worth noting that in the perturbations' dynamics the
time problem does not arise since the second order Hamiltonian includes the non-
vanishing term NH p2q, meaning the physical observables are not in general constants
of motion since they are not required to commute with the Hamiltonian.

The canonically conjugate pair of perturbations are Fourier-transformed,

d�qabp~kq �
»

S
dqabp~xqe� i~x~kd3x, d �p abp~kq �

»

S
dpabp~xqe� i~x~kd3x. (2.31)

Moreover, the metric perturbations are projected into a new basis with six differ-
ent perturbation modes Aab

m , and its dual Am
ab. In this thesis, we are only interested

in scalar perturbations ( dq1, dq2, dp1, dp2, df , dpf ), hence, we keep only the scalar
modes (Aab

1 , Aab
2 ), (vector and tensor perturbations are omitted since they undergo

independent dynamics):

d�qab � dq1,2A1,2
ab , d �p ab � dp1,2Aab

1,2 , where A1
ab :� dab, A2

ab :�
kakb

k2 �
1
3

dab. (2.32)

The projector operators are de�ned in terms of the orthonormal triad
p~k � k� 1,~v � k, ~w � kq. In the scalar modes only the wavevector ~k � k� 1 of this new frame

is present. Thus, if we rewrite the diffeomorphism constraint Hp1q
a with respect to

such frame, we only keep the scalar mode Hp1q
~k

of it, multiplied by the longitudinal

scalar mode of the shift vector perturbation dN~k � idn~k. In addition, Hp1q is a fully
scalar constraint. The non-vanishing second order term is split in its scalar, vector
and tensor part since the different modes are decoupled. For us, only the scalar term
Hp2Sq remains.

Once we have only the scalar modes, the next step is to strongly solve the two
scalar constraints by reducing the number of canonical variables and simplifying
the form of the non-vanishing second order scalar Hamiltonian. For this purpose
the Dirac method is used [28]. It starts with extending the set of constraints by the
introduction of gauge-�xing conditions, one for each �rst-class constraint, in order
to obtain a set of second-class constraints. Then, the so-called Dirac brackets are
introduced. By means of the latter, we get rid of the �rst order constraints from
the Hamiltonian, and the values of the �rst order Lagrange multipliers dN and dn,
which are different for each set of gauge-�xing conditions, become irrelevant for the

3Note that although the zeroth-order terms Na and Cg,a vanish, neither of their respective �rst-

order perturbation terms dNa or Cp1q
g,a do.
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dynamics in the reduced phase space. Therefore, we isolate the true independent
physical degrees of freedom from the kinematical phase space, removing the pure
gauge ones. In this way, we obtain the physical scalar Hamiltonian Hp2Sq in terms
of only two gauge-invariant perturbation variables, called Dirac observables pf , p f q.
The �nal total Hamiltonian reads:

H k � Hp0q �
¸

k

N
�

1
2

a� 3w

p1 � wq
|p f ,k|

2 �
1
2

wp1 � wqa3w� 2k2|f k|
2



, (2.33)

where the zeroth order Hamiltonian NH p0q is the background Hamiltonian of Eq.
(2.27) with the time inversion accounted, and we replaced the integral by the sum-

mation since the second order Hamiltonian NH p2q
k only depends on the discrete

wave vector k. The second order part of the Hamiltonian (2.33) can be written in
terms of the rede�ned background variables (2.19), with the same value of the lapse
function we chose for the background zeroth order Hamiltonian, N � p 1 � wqa3w,
reading:

¸

k

Hp2q
k �

¸

k

�

� 1
2

|p f ,k|
2 �

1
2

wp1 � wq2
�

q
g


 4p3w� 1q
3p1� wq

k2|f k|
2

�


 , (2.34)

From now on, for simplicity, we drop the tilde notation from above pq̃, p̃q Ñ pq, pq.
The total Hamiltonian (2.27)+(2.34) represents the starting point for the next chapter
3, where we quantize the cosmological system and obtain bouncing solutions and
semi-quantum dynamics of the truly physical perturbation degrees of freedom. The
gauge-invariant perturbation variables have different physical interpretation for dif-
ferent gauge-�xing conditions. It is useful to understand their physical meaning in
terms of physical and geometrical quantities. Therefore, we introduce the following
quantities associated with the intrinsic geometry and matter for the scalar modes (in
Fourier space):

dq � 3a4dq1, dRk � 2a� 4k2pdq1 �
1
3

dq2q,

dr � a� 3pw� 1q| p̄f |w� 1
�

dpf

p̄f �
3dq1

2a2



,

(2.35)

where dRk and dr are the perturbations of the intrinsic curvature of the three-
geometry and energy density of the �uid respectively, and dq is the metric density
perturbation. In addition, we also keep the perturbation df k which has the geomet-
rical interpretation of a quantity determining the part of the �uid �ow tangential
to the three-surface. In terms of these quantities the gauge-invariant perturbations
read:

f k �
1

V0
?

2k0

�
p̄f df ka

wpw � 1qp
�

a� 3w� 3
2

a w
6

a2

4V
2
3
0 k2

dRk

�

,

p f ,k �
a

2k0

�
a

wpw � 1q
a3w� 3p
|p̄f |1� w dr

�
3p1 � wqp

2

c
w � 1

w
a2

4V
2
3
0 k2

dRk �

c
3

2w
w � 1

2
a

3w� 3
2 p̄f df k

�

.

(2.36)
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Let us now de�ne some of the different gauge-invariant curvature perturbation
variables that are widely used in the �eld of the early universe: The variable R is
a gauge-invariant quantity that corresponds to the (minus) curvature perturbation
on the co-moving hypersurfaces, R k

�
�
df k� 0 � � 4a2

k2 dRk. The variable z is a gauge-
invariant quantity that corresponds to the curvature perturbation on the uniform-
density hypersurfaces, zk

�
�
dr� 0 � 4a2

k2 dRk. And �nally the Mukhanov-Sasaki variable

vk � �
b

3pw� 1q
wk0

a R k, which, when divided by the scale factor vk{a, is generally used
to compute the power spectrum of the scalar perturbations, and can then be identi-

�ed with the curvature perturbation on the co-moving hypersurfaces, �
b

3pw� 1q
wk0

R k

(modulo the constant). In terms of our perturbations f k, p f ,k they read:

R k � �

c
wk0

3
a

3w� 3
2 f k.

zk �

c
k0

3w
V0pw � 1q

2
a

3w� 3
2 f k �

1
a

2wpw � 1qk0

1
3p

p f ,k,

vk � a
3w� 1

2
?

w � 1 f k.

(2.37)

For f " p f ,k (the initial condition for the expanding Universe) the curvature pertur-

bation variable on the uniform-density hypersurfaces reads: z �
b

k0
3w

V0pw� 1q
2 a

3w� 3
2 f k.

2.2 Anisotropic models

The standard approach to the early universe is based on Friedmann cosmology, that
is, it assumes from the very beginning the approximate isotropy and homogeneity
of the primordial space. However, it is expected that an approximate FLRW uni-
verse, when evolved back in time, at some moment close enough to the big-bang
singularity, losses its space-like symmetries. A theory that assumes a fewer number
of primordial symmetries allows the construction of a more generic cosmological
scenario. A signi�cantly less restrictive model than the standard one exhibits richer
and more complex behaviour on approach to the big-bang singularity.

A more general (and widely acknowledged) solution of general relativity in the
vicinity of cosmological singularity was studied by Belinskii, Khalatnikov and Lif-
shitz (BKL) in [29]. In the BKL scenario, as the dynamics of an inhomogeneous
spacetime approaches singularity, the time derivatives of the gravitational �eld dom-
inate over all spatial derivatives for relatively long stretches of time. Hence, the
asymptotic dynamics becomes ultralocal and, surprisingly, the evolution of the gen-
eral gravitational �eld turns out to become almost identical, at each point separately,
with a generic spatially homogeneous model. Therefore, the dynamics of general
spatially homogeneous cosmologies appears crucial for understanding generic sin-
gularities in GR.
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2.2.1 Homogeneous cosmological models

The aforementioned kind of models can admit many different homogeneity groups 4.
A manifold S is called spatially homogeneous if its three-dimensional subgroup of
symmetries acts simply and transitively on the invariant spatial hypersurfaces that
it generates5. Depending on the Lie algebra of their Killing vectors �elds, which
determines the local properties of the symmetry group G, they are classi�ed into
the so-called Bianchi types. These models are very useful for studying the resolu-
tion of classical singularities through a suitable quantization method, and the ensu-
ing quantum dynamics can be described by applying certain approximations. The
Bianchi models admit three independent spatial Killing vectors x1, x2, x3, which gen-
erate the set of isometries of the spatial metric [31]. These Killing vectors satisfy the
Lie algebra rxi , xjs � � Ck

ij xk, where Ck
ij are the structure constants of the homogeneity

group G that satisfy the Jacobi identity.
To construct a basis of vector �elds t eiu invariant under the group G in our

homogeneous manifold, we only need to give its components with respect to the
Killing vectors. An invariant basis is useful because each spatial metric component
qi j � qpei , ejq is group invariant, meaning it is constant on the homogeneous hy-
persurfaces. In addition, the structure coef�cients of the basis ei are also constant on
each homogeneous hypersurface. We de�ne the vector �elds by requiring rxi , ejs � 0.
Combining the latter with the condition that ei be invariant, that is, has zero Lie
derivative with respect to the Killing vectors, we �nd that rei , ejs � Ck

ij ek. The dual

forms of the invariant basis vector �elds are denoted by w i , where w ipejq � di
j . The

curl of the dual forms satisfy the Cartan equation d wk � 1
2Ck

ij w
i ^ w j . Thus, since the

ei are invariant vectors, the spatial metric can be written as d s2 � qi j w iw j . The vector
�elds ei constitute a basis of the tangent frame bundle TS of the manifold S. The
metric and torsion-free (Levi-Civita) connection on such frame bundle is denoted by
Gi

j , where Gi
j � Gi

kjw
k. We assume only diagonal metric spatial components in this ba-

sis which, in addition, are only time dependent. Hence, the connection coef�cients,
also de�ned as r ei ej � Gk

ij ek for the non-holonomic basis ei , are found to read:

Gk
ij �

1
2

�
Ck

ij � Ci
jk � Cj

ik

	
(2.38)

and become antisymmetric in the two lower indices 6. Therefore, using the de�ni-
tions above, we obtain the following expression for the Riemmann curvature:

Ri
jkl : � 2w iea

keb
l r par bqej � w i

�
r ek

�
wmpelqG

n
mjen

�
� r el

�
wmpekqG

n
mjen

�
�

wmpr ekelqG
n
mjen � wmpr el ekqG

n
mjen

	

� Gi
knGn

lj � Gi
lnGn

kj � p Gm
kl � Gm

lk qGi
mj � Gi

knGn
lj � Gi

lnGn
kj � Cm

kl G
i
mj. (2.39)

4The symmetry group of the manifold S is the group of isometries, i.e. transformations which
leave the spatial metric of S invariant. The set of isometries of S has the structure of a group. The
homogeneity group is a three-dimensional subgroup of the latter, which is considered isomorphic to a
Lie Group G.

5A group is simple and transitive if the Killing vectors are linearly independent as vector �elds.
There exist another category of spatially homogeneous manifolds [30] where the spatial hypersurfaces
have a transitive but not simple group of isometries, but we do not consider it in this work.

6In this case, the connection coef�cients are also called the Ricci rotation coef�cients.
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Using Eq. (2.38) and the spatial metric, it is straightforward to derive the expression
for the Ricci scalar in terms of the structure constants:

R � � Ci
ikCj

jl q
kl �

1
2

Ci
jkCj

ikqkl �
1
4

Ci
jkCi1

j1l qii 1qklqjj 1
(2.40)

Following the classi�cation scheme by Ellis and MacCallum [32], we write the struc-
ture constants in the form:

Ci
jk � ejkl m

li � 2di
pkajq (2.41)

to de�ne the symmetric matrix mli and the triplet aj . From now on, we consider ex-
clusively class A models, for which aj � 0. Then, substituting the structure constants
for the mli gives:

R �
1
2

pmi
iq

2

q
�

mi j mi j

q
(2.42)

Moreover, it is possible to choose the invariant basis ei to be the one in which the
matrix mi j is diagonal mi j � diagpm1, m2, m3q. The only remaining Bianchi models
following these assumptions are types I, II, VI 0, VII 0, VIII and IX. The domain of
the basis vectors �elds are extended onto the whole spacetime, and we assume they
commute with the normal to the spatial hypersurface vector �eld, e0. The dual to
that normal unitary vector is Ndt, which de�nes the direction of time. We can also
assume that in this basis the spatial metric is diagonal qi j � diagpq1, q2, q3q, hence the
Ricci scalar reads:

R �
1
2

pmiqiq2

q1q2q3
�

pmiq2pqiq2

q1q2q3
(2.43)

�
m1m2

q3
�

m1m3

q2
�

m2m3

q1
�

pm1q2

2
q1

q2q3
�

pm2q2

2
q2

q1q3
�

pm3q2

2
q3

q1q2
.

2.2.2 Hamiltonian formulation of homogeneous models

The models contain a total of six dynamical canonical variables, including the three
qi , each one playing the role of an effective directional scale factor for each one of
the three principal directions, and their respective conjugate three-momentum pi .
In order to work within the framework of homogeneous models in Hamiltonian
formulation, it is much more convenient to switch to a new set of coordinates, called
Misner variables [33]. The Misner parametrization is introduced by the following
canonical transformation:

�

�
q1p1

q2p2

q3p3

�


 �

�

�
�

1
6

1
12

?
3

12
1
6

1
12 �

?
3

12
1
6 � 1

6 0

�

�



�

�
pW

p�

p�

�


 and

�

�
ln q1

ln q2

ln q3

�


 �

�

�
2 2 2

?
3

2 2 � 2
?

3
2 � 4 0

�




�

�
W
b�

b�

�


 .

(2.44)
In order to understand the cosmological interpretation of the Misner variables, let us
suppose that we set the elements of the diagonal metric qi � a2

i , where ai represents
the scale factor for one of the three principal directions ( i � 1, 2, 3). Thus, we have:

W �
1
3

ln pa1a2a3q, b� �
1
3

ln
�

a1a2

a3



, b� �

1

2
?

3
ln

�
a1

a2



(2.45)

In this way, we clearly see that the variable W describes the isotropic part of the ge-
ometry, whereas b� describe the distortions to isotropy and are called the anisotropic
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variables. In Misner variables, the scalar curvature reads:

R � e� 2W
�

m1m2e4b� � m1m2e� 2b� � 2
?

3b� � m2m3e� 2b� � 2b� � 2b
?

3b�

�
pm1q2

2
e4b� � 4

?
3b� �

pm2q2

2
e4b� � 4

?
3b� �

pm3q2

2
e� 8b�

	
, (2.46)

and, regarding the space-time metric, the total line element now reads:

ds2 � � N2dt2 � e2W� 2b�

�
e2

?
3b� pw1q2 � e� 2

?
3b� pw2q2 � e� 6b� pw3q2

	
. (2.47)

The elements of the spatial metric are functions of the proper time alone: b0ptq, b� ptq.
In the ADM formalism, the Hamiltonian constraint (2.4) for these diagonal and
hypersurface-orthogonal class A Bianchi models, in Misner variables, is found to
read:

Cg �
N

2k0

e� 3W

24

�
p2k0q2p� p2

W � p2
� � p2

� q � 36e4WpVpb� q � 1q
	

. (2.48)

The Poisson brackets of the canonical variables read:t W, pWu � t b� , p� u � 2k0. In
what follows, we assume 2k0 � 1. The vector constraints vanish, and the anisotropic
potential of the previous equation is de�ned as:

Vpb� q:� �
2
3

e2WR � 1 (2.49)

and, being proportional to the scalar curvature, it depends on the structure constants
Ck

ij (and therefore on mi ), that is, on the speci�c choice of the homogeneous model.
The gravitational Hamiltonian (2.48) resembles the Hamiltonian of a particle in a 3D
Minkowski space-time moving inside a time-dependent potential. From all the re-
maining possible homogeneous models, the most important one, and unfortunately
the most dif�cult, is the Bianchi type IX, which is commonly known as the mixmaster
universe.

2.2.3 Mixmaster universe

The Bianchi IX model is important because it is a most generic homogeneous model
in the sense that all its structure constants mi are non-vanishing. Henceforth, we
only devote attention to the mixmaster universe, i.e. the Bianchi type IX, within the
group of spatially homogeneous class A models.

The manifold corresponding to group the Bianchi type IX is a space invariant
under SOp3,Rqsymmetry group. This group has as its structure constants

Ci
jk � ei jk ðñ mi � 1. (2.50)

For simplicity, the three-sphere is taken as the topological prototype of the invariant
hypersurfaces, since it is the simply connected covering space of SOp3,Rq. Any met-
ric placed on S3 of the form ei � ej � qi j and independent of position in any invariant
hypersurface is invariant under SO p3,Rq. The proof to that invariance comes from
the fact that we can �nd the three Killing vectors on S3, such that rxi , ejs � 0, and
these Killing vectors are the generators of the SOp3,Rq isometry group, with struc-
ture constants being the ones of Eq. (2.50). In the metric, the dual basis one-formsw i
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representing these three-spheres spatial hypersurfaces, are usually parametrised as:

w1 � p� sin j dq � cosj sin qdf q {
?

m2m3

w2 � pcosj dq � sin j sin qdf q {
?

m1m3 (2.51)

w3 � p sin qdf � d j q {
?

m1m2.

Since we assume the topology of the spatial hypersurfaces to be S3, the coordinate
volume is found to be V0 �

³
S3 w1 ^ w2 ^ w3 � 16p 2{pm1m2m3q � 16p 2. The choice

of the mixmaster universe as our homogeneous model yields the following expres-
sion for the scalar curvature (2.46):

R � �
1
2

mie� 2W� 4b�

� �
2 coshp2

?
3b� q � e� 6b�

� 2
� 4



, (2.52)

with the structure constants being the ones of Eq. (2.50). Then the mixmaster anisotropic
potential (2.49) is de�ned as:

VIX pb� q �
1
2

e4b�

� �
2 coshp2

?
3b� q � e� 6b�

� 2
� 4



� 1. (2.53)

The shape of this potential is plotted in Fig. 2.1. From now on, we simply denote
this potential as Vpbq.

FIGURE 2.1: Representation of the anisotropic potential of Eq. (2.53)
for the classical mixmaster universe (Bianchi type IX model).

The classical dynamics of the mixmaster model is described by the Hamiltonian
constraint (2.48) with potential (2.53) along the proper time t. The singularity is
reached for W Ñ �8 . The factor in front of the potential in this Hamiltonian goes
to zero at the singular point 36e 4W Ñ 0, therefore, as the isotropic geometry of the
universe contracts, the potential walls move further apart and the particle progres-
sively penetrates larger regions of the anisotropy space b � p b� , b� q. It is legitimate
to represent this singularity of the Hamiltonian �ow as a boundary of the phase
space, rede�ning the isotropic variables to bring the singular point to �nite values
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of the canonical coordinates7. Then, we introduce the following isotropic canonical
coordinates [35]:

q � e
3
2W � a

3
2 , p �

2
3

e� 3
2WpW, pq, pq PR � � R, (2.54)

where we also de�ned the mean scale factor a :� p a1a2a3q1{3. The collapse is now
represented in the open half-plane (q ¡ 0) rather than a plane. This range of the
isotropic phase space variables admits the af�ne group of symmetry transforma-
tions8. The spacetime line element now reads:

ds2 � � N2dt2 � q
4
3 e2b�

�
e2

?
3b� pw1q2 � e� 2

?
3b� pw2q2 � e� 6b� pw3q2

	
. (2.55)

The Hamiltonian constraint of the classical mixmaster in this new coordinates can
be written a sum of an isotropic and anisotropic part:

C � � Ciso � Cani

Ciso �
N
24

�
9
4

p2 � 36q
2
3



, Cani �

N
24

�
p2

q2 � 36q
2
3 Vpbq



,

(2.56)

where p :� p p� , p� q. The Hamilton equations (for N � 24qread:

9q �
9
2

p, 9p � � 2
p2

q3 � 24q� 1
3 rVpbq � 1s,

9b� � � 2
p�

q2 , 9p� � 36q
2
3 B� Vpbq,

(2.57)

where B� :� B b� . The above system of dynamical equations admits the following
scaling symmetry:

t1 �
t

d1{2
, q1 �

q
d3{4

, p1 �
p

d1{4
,

b1
� � b� , p1

� �
p�

d
.

(2.58)

This scaling symmetry can transform large-universe solutions into small-universe
solutions, even into the ones that are smaller than the Planck scale at their possible
classical re-collapse (p � 0). It is natural to expect this symmetry to be broken at the
quantum level that must involve a new scale coming from the nonvanishing Planck
constant.

We can express the dynamically most relevant geometric quantities in terms of
the phase space variables:

H �
p
8q

, Riso �
3

2q
4
3

, Rani � �
3Vpbq

2q
4
3

, s2 �
p2

48q4 (2.59)

where H, Riso, Rani and s2 are respectively the Hubble rate, the isotropic intrinsic

7The canonical quantization (Dirac) of the Hamiltonian constraint, by promoting it to an opera-
tor acting on the universe wave function Y, leads to the well-known Wheeler-DeWitt equation [34].
This equation does not remove the singularity. Therefore, we make use of an alternative quantization
method that removes the singularity, that is implemented with the new isotropic variables.

8This symmetry group is introduced later at the end of section 2.4.1, since it plays an essential role
in the quantization method of the model.
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curvature, the anisotropic intrinsic curvature (potential term of anisotropy) and the
shear squared (kinetic term of anisotropy). Upon rewriting the constraint equation
in terms of them, we obtain the generalized Friedmann equation for the mixmaster
model:

H2 � �
1
6

Riso �
1
3

s2 �
1
6

Rani �
1
6

r r , (2.60)

where we added the matter component to the model in the last term, since we
assume that at some stage in the early evolution of the universe the expansion
was driven by matter �elds. We chose radiation to be the matter component with
r r � M r {q

8
3 being the energy density and M r is a constant9.

The classical mixmaster, as a homogeneous model of the early universe, was
originally proposed by Misner [36]. In this model the universe undergoes the BKL
scenario previously described: an oscillatory and chaotic epoch close to the initial
cosmological singularity. The name "mixmaster" is due to the fact that, in this sce-
nario, the universe is thought to behave like a three-dimensional mixer, acting on
spatial directions, squeezing and blowing up each repeatedly and randomly, while
the overall volume is shrinking. The mixmaster is similar to the closed FLRW uni-
verse, in the sense that spatial slices are positively curved and are topologically
three-spheres S3. Nevertheless, in the FLRW universe there is only one dynami-
cal variable, the scale factoraptq, that parameterises the overall size of the S3, which
can only contract or expand. In the Mixmaster, the spatial S3 slices can contract
and expand (parameterised by W or q) but also get distorted anisotropically (pa-
rameterised by the shape parameters b� ). By studying the motion of the �ctitious
point-particle inside the mixmaster potential (2.53), Misner showed that the physi-
cal universe would exhibit a repeated pattern of contraction in some directions and
expansion in others, with the directions of contraction and expansion changing pe-
riodically. Since the potential is roughly triangular and concave, Misner suggested
that the evolution is chaotic. Because the spatial slices evolve differently in each
direction, homogeneity is preserved but not isotropy.

The dynamics of the mixmaster is very hard. Before collapsing into the singu-
larity in a �nite proper time, in�nitely many oscillations take place. Its classical
asymptotic dynamics is usually approximated by an in�nite sequence of epochs of
the so-called Kasner universe. Each epoch is a vacuum solution to the homogeneous
spacetime model of Bianchi type I ( mi � 0). The transitions between epochs are the
effect of non-negligible spatial curvature, which arises quickly and vanishes after a
relatively short period of time. These transitions are commonly given by solutions
to the Bianchi type II model ( m1 � 1,m2,3 � 0). The universe becomes dominated by
the gravitational energy (with the matter energy negligible) and undergoes an in�-
nite number of chaotic transitions and eventually collapses into a singularity. Misner
failed to resolve the singularity. He initiated studies on the quantum dynamics of
the mixmaster with such objective, but his analysis was based on simplistic approxi-
mations of the anisotropic potential and the dynamics. It appears that there have not
been any signi�cant advancements in the �eld since then. However, very recently,
a novel approach to quantization and analysis of the quantum model started to be
developed [37–42]. In the work presented in this thesis (chapter 6), based on in the
direction of such previous studies, we propose a quantum model of the mixmaster
universe replacing the classical singularity with a quantum bounce. Approximating

9The expression of the radiation term is derived from the �uid constraint (2.14) ( w � 1{3 for radi-

ation) by means of the appropriate choice of the value of K � wpw � 1q� 1� w
w , and M r is assumed to be

a constant related to the momentum of the �uid M r � p pf q1� w.
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the description of quantum dynamics provides fresh insights into the new intricate
physics of the bounce and its interplay with anisotropy. The main goal is to use such
model to investigate the possibility of the quantum mixmaster universe undergoing
an spontaneous in�ationary phase.

In order to quantise the mixmaster, integral covariant methods of quantization,
based on coherent states, are applied to the canonical coordinates. The same method
is applied as well for the quantization of the Hamiltonian (2.34) obtained for the
isotropic background in the previous section. Therefore, the section 2.4.2 of the
present chapter is devoted to coherent states and quantization methods based on
them.

2.3 The standard model of cosmological In�ation

Since the work presented in this thesis lies in the domain of alternative models of
quantum cosmology to the most accepted in�ation scenario, we shall present here
some basis of the standard in�ationary scenario, its postulates and most important
predictions of the early universe regarding the actual available observational data.
We put the focus on the ones that are more relevant to compare with the presented
study. This allows us to understand clearly the source of the difference between the
results obtained in our models and in the in�ation model.

The Standard Cosmological In�ation Model proposes a solution to some of the
deep-rooted problems of the Big Bang theory, such as horizon, �atness or monopole
problems among others, by introducing a period of exponential accelerated expan-
sion in the early universe. The standard model of in�ation assumes that the dynam-
ics is driven by a scalar �eld called the in�aton ( f ) [43]. The scalar �eld is thought to
have dominated the energy density of the universe during in�ation, and the rapid
expansion caused by the in�aton �eld is responsible for smoothing out any initial
irregularities of the universe, explaining its isotropic and homogeneous state, and
producing the seeds for the large-scale structure we observe today.

There exist a wide range of in�ationary models, going from the simplest stan-
dard one of chaotic in�ation where the scalar �eld follows a quadratic potential
Vpf q � 1

2m2f 2, where m is the mass of the in�aton, to extensions in which the po-
tential can be any polynomial or power law function of one or even multiple scalar
�elds, that can be coupled like in the case of hybrid in�ation [44]. In most models,
it is usually assumed that at the beginning of the in�ationary period, the scalar �eld
was in a state of high energy and subject to random quantum �uctuations [45]. As
the universe stretched out, the �eld settled into a lower state and released energy
that drove the rapid exponential expansion. According to the theory, the in�ation-
ary period came to an end through a phase transition where the scalar �eld decayed,
causing the universe to be reheated and leading to the production of particles and
radiation. In�ation has led to the remarkable result of establishing a connection be-
tween the primordial density perturbations (ampli�ed during the rapid accelerated
expansion) that led to the Universe's large-scale structure and the in�aton's initial
quantum vacuum �uctuations.

The in�ation model assumes a classical background, whose dynamics is driven
by the in�aton �eld according to the classical equations of motion. The background
spacetime is assumed isotropic and homogeneous. The scalar �eld is split into the
homogeneous background and small inhomogeneous perturbations. The perturba-
tion modes are canonically quantized and set initially to be in the vacuum state.
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The cosmological horizon is de�ned as the maximum distance from which light
could have travelled to the observer in the age of the universe [46]. Therefore, it mea-
sures the distance from which we could possibly retrieve information. The Hubble
horizon at a given moment t is the distance that light can travel in the Hubble time
value at that moment ( Hptq� 1), that is, the time in which the size of the universe
doubles. Scales larger than the Hubble horizon remain out of casual contact. During
in�ation, the comoving Hubble horizon size decreases rapidly, then the quantum
�uctuations are stretched to cosmological scales and modes of perturbations that
were initially inside the horizon become larger than the horizon (see Fig. 2.2 from
[47]). The exiting of the horizon of the relevant modes leaves imprints on the large-
scale structure of the universe, that can be observed on the cosmic microwave back-
ground radiation for the modes (or scales) that re-entered the cosmological horizon.
The amplitude and spectral tilt of these �uctuations are determined by the details of
the in�ationary model.

FIGURE 2.2: An illustrative representation of how the perturbations
for the different modes (or scales) evolve during the in�ationary pe-
riod, taken from [47]. In chapters 4 and 5 we analyse some details of
this picture in the framework of quantum bouncing cosmology, such
as how the perturbations are ampli�ed from vacuum and the super-

horizon constancy of curvature perturbations.

In�ation models are usually classi�ed by the values of the so-called slow-roll
parameters they assume. Slow-roll in�ation refers to the situation in which the in-
�aton is assumed to roll down the suf�ciently high potential hill p9f ! Vpf qqvery
slowly in comparison to the expansion of the Universe p|:f | ! | 3H 9f |q. One can use
the Friedmann equation and the equations of motion of the scalar �eld to write such
conditions in terms the slow roll parameters [26], de�ned as:

e :�
1
3k

�
V,f
V


 2

! 1, |h| :�
1
3k

�
�
�
�
�
V,ff

V

�
�
�
�
�
! 1. (2.61)

The parameters represent represents the nearly �at slope peq and curvature phq of
the potential, ensuring in�ation to happen for suf�ciently long time. The minimally
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coupled in�aton �eld can be described by means of its effective cosmological �uid
pressure and energy density: r f � f 2{2 � Vpf q and pf � f 2{2 � Vpf q. By means
of Friedmann equation as well, it can be shown [47] that the accelerated expansion
phase can occur for �uids with barotropic index w   � 1{3. The slow roll regime in
in�ation generally yields to the assumption H � constant, leading to w � � 1, that
clearly satis�es the above condition. The predictions of the in�ationary model for
the power spectrum of scalar curvature perturbations in the large wavelengths limit
can be expressed at 1st order in terms of the slow-roll parameters [26]:

PSpkq 9 kns� 1 � k2h� 4e (2.62)

In�ation is successful in predicting an almost scale invariant power spectrum for
scalar perturbations, with ns À 1. It is very useful to express the formula of the
spectral index of scalar perturbations in terms of the slow-roll parameters ns �
1 � 2h � 4e because it clearly manifest the freedom in the �ne-tuning of the scalar
�eld potential that the standard in�ationary model posses. Such freedom translates
into the capability of in�ation for obtaining some �exible range of values of the slow-
roll parameters, allowing them to be constrained by observations in order to repro-
duce the value of the spectral index given by the power spectrum of the Cosmic
Microwave Background: ns � 0.9649� 0.004 [48]. The fact that the CMB data gives
ns À 1 for the scalar spectral index make us refer to it as a slightly red-tiltedspectrum,
because it is slightly stronger on larger angular scales than on the smaller ones. The
opposite situation, ns Á 1, is referred as a slightly blue-tiltedspectrum.

Nonetheless, in spite of its impressive success in explaining the genesis of the
large scale structures, the in�ationary paradigm does not address some other issues
of the Big Bang theory [49]. Among those, the one that mainly concern us for the
future chapters is the ingrained initial singularity problem.

2.4 Coherent states

Coherent states are a class of quantum states that closely exhibit a classical be-
haviour. They are frequently employed to depict a group of states that possess
minimum uncertainty and, in a way, are most akin to a classical portrayal of the
underlying phenomenon. The original coherent states were introduced by Erwin
Schrödinger in 1926 [50] as a generalization of the classical harmonic oscillator. These
states are known as Schrödinger or canonical coherent states, its probability density
is Gaussian and its peak follows the sinusoidal trajectory of a classical particle. The
coherent state are referred to as "displaced" ground states since their probability den-
sity differs from that of the ground state only due to its time-varying shift in the po-
sition of the peak. Let us summarise some of the basic properties of the Schrödinger
coherent states:

• The canonical pair of the quantum harmonic oscillator annihilation â and cre-
ation â: satisfy the commutation relation: râ, â: s � I . The coherent states are
created by the action of an unitary operator, the displacement operator, on the
harmonic oscillator vacuum state j0y, that plays the role of �ducial state:

jay � e� āâ� aâ:
j0y, a PC. (2.63)

The vacuum state vanishes under the action of the annihilation operator âj0y �
0. The displacement operator is undetermined to an arbitrary imaginary addi-
tive constant (global phase).
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• They are the eigenstates of the annihilation operator of a harmonic oscillator:
âjay � ajay.

• They lie in the middle of the minimum uncertainty curve, meaning
they minimise the Heisenberg uncertainty principle: DQ̂|aDP̂|a � 1

2, where

DÂ |a �
b

xaj Â2jay � x aj Â jay2 . More technically, the general solutions to the
last condition are called squeezed-coherent states, essentially because the un-
certainty can be squeezed from Q̂ into P̂ and vice-versa by introducing the
squeezing operator Spxq � e

1
2p� xâ2� x̄â2q, where x PC.

• They are not orthogonal states: xb|ay � e� 1
2p|a|2�| b|2� 2ab� q � dpa � bq. There-

fore, if the oscillator is in the quantum state jay it is also with nonzero proba-
bility in any quantum state jby.

• A family of coherent states t jayu is overcomplete, meaning that, as a conse-
quence of their non-orthogonality and their closure relation, any coherent state
can be expanded in terms of all the other coherent states of the family. The clo-
sure relation they obey is expressed by the following resolution of the identity:

1
p

»

C
d< paqd= paqjayxaj � I , (2.64)

where < paq and = paq are respectively the real and imaginary part of a. This
property is actually the most important one in many applications.

2.4.1 Generalized Coherent states (GCS)

In 1954, Senitzky [51] demonstrated that the coherent states can be generalized by
displacing any other energy eigenstate in such a way that its probability density
oscillates in accordance with the classical dynamics. It was shown that these gen-
eralized coherent states are also a solution for the harmonic oscillator. These states
were reintroduced by Perelomov [52] in 1972, with a construction based on the use of
Lie algebraic methods. Generalized coherent states, are a more general class of states
that can be constructed by applying a linear or nonlinear operator, generally an uni-
tary irreducible representation of a symmetry group, on a reference arbitrary state
jy 0y (called �ducial vector) in Hilbert space H . Hence, Schrödinger coherent states
are a special case of generalized coherent states. Generalized coherent states can also
be used to construct non-classical states such as squeezed states and displaced Fock
states. The only two basic conditions that all GCS must obey are:

• Continuity: The displacement operator shifts the �ducial vector in phase space
by a displacement parameter, which labels the GCS: j~zy (a vector in H ). The
parameter belongs to some label spaceZ , and uniquely identi�es the state
within the set of GCS. By varying this parameter, one can generate a family
of states that span a continuous region of the phase space. This means that
the mapping ~x Ñ j~zy is strongly continuous, and for each vector jy y in H ,
the function Yp~zq � x ~z|y y is continuous in the topology of Z . The continuity
of the set of states arises from the fact that the displacement parameter varies
smoothly and continuously over this region. Any two states in the set can be
smoothly connected to one another by a continuous path. Then, the distance
between two states in the Hilbert space with different label parameters tends to
zero as one of the parameters approach the value of the other: ||j~zy � j~z1y|| Ñ 0
as~z Ñ ~z1



2.4. Coherent states 23

• Overcompleteness: The continuity of the label of GCS is closely related to the
completeness property of the set of states, explained above. We can generalise
the resolution of the identity (2.64) as:

»

Z

dmp~zq
N

j~zyx~zj � I , (2.65)

where N is the normalization factor coming from the �xed �ducial state. If we
take the positive measure dn on Z to be dnp~zq � dmp~zq{N � d< paqd= paq{p
and Z � C, we recover the de�nition of canonical coherent states. The con-
tinuity ensures the non-orthogonality of the GCS. Hence, overcompleteness
property means that any state in the Hilbert space can be expressed as a linear
combination of the GCS:

jy y �
»

Z
Yp~zqj~zydnp~zq. (2.66)

This means that there is a one-to-one correspondence between the states in the
set and the points in the continuous labelling parameter space. It also means
that the set of states forms an overcomplete basis for the Hilbert space.

Phase space representation

The phase space representation of coherent states provides a useful way of intu-
itively understanding of the properties of the state. It allows for the visualization of
more complicated wave functions. Representing the state in terms of both position
and momentum coordinates. We start by introducing, respectively, the position and
momentum self-adjoint operators:

Q̂ �

c
1

2kw
pâ: � âq, P̂ � i

c
w
2k

pâ: � âq, (2.67)

By de�ning the complex label variable z �
b

wk
2 q � i

b
k
w p in terms of the phase

space canonical coordinatespq, pq PR2, the displacement operator is transformed
into the Weyl-Heisenberg translator operator:

ÛW � eikppQ̂� qP̂q. (2.68)

Quantum physics sets k � h̄� 1, and we assumeh̄ � 1. It is referred to as a translation
operator because it translates a state in phase space by az � p q, pq:

Û :
WQ̂ÛW � Q̂ � qI , Û :

W P̂ÛW � P̂ � pI . (2.69)

Then the Weyl-Heisenberg translation operator form an irreducible, unitary repre-
sentation (UIR) of a Lie group called the Weyl-Heisenberg symmetry group, ex-
plained below. We write the coherent state as: jzy � jq, py � ÛW j0y. The states
jq, py generate continuous representation of the canonical phase space. The physical
interpretation of the phase space coordinate labels is:

q � x q, pjQ̂jq, py, p � x q, pj P̂jq, py. (2.70)

The �ducial vector represents the generalization of the reference vacuum state in
the canonical coherent states. It is a normalised and (almost) arbitrary �xed state in
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the Hilbert space, that determines the whole family of coherent states built from the
UIR of chosen group. Since the conditions of GCS don't state anything about the
�ducial vector, we can choose it to be any state jy 0y belonging to the Hilbert space
H . However, it is typically convenient to select jy 0y such that Eq. (2.70) holds, by
imposing the following physical centering conditions:

xy 0jQ̂jy 0y � 0, xy 0j P̂jy 0y � 0. (2.71)

If we choose a different �ducial state, we get a shift of the phase space by their
expectation value of the position and momentum operator. Supplementarily, besides
the �ducial vector, the most important part of the generalization comes from the
choice of operator that acts on it and creates the coherent states, specially from its
relation with a symmetry group. As we will now see, they allow to construct a group
representative in a Hilbert space.

Weyl-Heisenberg symmetry group

As we previously mentioned, the Weyl-Heisenberg operators serve as a unitary and
irreducible representation of the Weyl-Heisenberg symmetry group, consisting in
the group of R2 phase space translations on the Hilbert space H � L2pR, dxq of
square-integrable complex valued functions (on a full line).

The regular representation of the translational symmetry is de�ned as:

T : pT pq0, p0qqf pq, pq � f pq � q0, p � p0q, (2.72)

where pq0, p0q represents the origin of the phase space, whose choice is arbitrary
since the phase spaceR2 is homogeneous. The �ducial state jy 0y is selected from
the Hilbert space H , such that the physical centering conditions (2.71) are ful�lled,
and the physical interpretation of the labels pq, pq, following from (2.70), are just
the position and momentum respectively, and are usually referred as the "classical"
degrees of freedom, whereas any other variable, typically related to the shape of
the �ducial quantum state, shall be referred as "quantum" degree of freedom (or
parameter).

Besides (2.69), the Weyl-Heisenberg operator also has the following properties:

UWp0, 0q � 1, Tr pUWpq, pqq � 2pdpqqdppq,

Û � 1
W pq, pq � Û :

Wpq, pq � ÛWp� q, � pq,
(2.73)

From the multiplication law of the Weyl-Heisenberg group we have:

UWpq, pqUWpq1, p1q � eisppq,pq�pq1,p1qqUWpq� q1, p � p1q, (2.74)

where the real valued parameter x encodes the non-commutativity of the representa-
tion, hence representing a feature of quantization. This means that for the UIR (2.68)
the symplectic form reads: sppq, pq � pq1, p1qq � � kpq, pq ^ pq1, p1q � kpqp1 � q1pq,
where quantum physics �xes k � h̄� 1. The non-commutativity is given by Weyl-
Heisenberg algebra, satisfying the familiar commutation relation:

rq, ps � I . (2.75)

The above commutation relation is the Lie algebra corresponding to the set of op-
erators: I Ñ � i1, q Ñ iQ̂, and p Ñ iP̂, which gives the canonical commutation
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relation of quantum mechanics ( h̄ � 1). The Lie algebra representation (2.68), with
k � h̄� 1 � 1, is not just an UIR of the Weyl-Heisenberg group, but it is, besides the
trivial choice ( k � 0), the unique one 10. This representation is called the Schrödinger
representation [54], because the canonical (or Schrödinger) coherent states corre-
spond to elements of the Weyl-Heisenberg group acting on the ground vacuum state
through the Schrödinger representation. As mentioned, both position Q̂ and mo-
mentum P̂ operators are self-adjoint in the Hilbert space H � L2pR, dxq. If Q̂ acts on
H on its spectrum R as Q̂y pxq � xy pxq, then the momentum acts as P̂ Ñ � iBx.

The Weyl-Heisenberg transform of a phase space function into an operator in H
is de�ned as:

f pq, pq ÞÑW r f s �
»

R2
UWpq, pqf pq, pq

dqdp
p

(2.76)

From (2.74) we obtain the formula for the trace [55]:

TrpUWpq, pq: UWpq1, p1qq � pdpq� q1qdpp � p1q. (2.77)

Using this last formula and (2.73), we can invert the Weyl-Heisenberg transform
(2.76):

f pq, pq � TrpUp� q, � pqW r f sq. (2.78)

Af�ne group

The construction in terms of symmetry groups, can be used to de�ne coherent states
for irreducible, unitary representations of any arbitrary Lie groups, besides the Weyl-
Heisenberg coherent states.

The considered cosmological models in this thesis involve isotropic phase space
coordinates (2.19) (2.54) that form a half-plane, pq, pq PR � � R. Such phase space
can be associated with the Hilbert space H � L2pR � , dxqof square-integrable func-
tions on a half-line. The symmetry of the open half-plane corresponds to the arbi-
trariness of the choice of the origin, namely 1 for the scaling variable q0 ¡ 0, and 0 for
its conjugate momentum p0 P R, since the phase space is still homogeneous. This
modi�cation of the position center is expected since on the Hilbert space de�ned
on the positive real line, the position expectation value must be positive de�nite.
The group of canonical transformations of this phase space form the af�ne group
Aff � pRqof the real line, that satis�es the following multiplication law:

pq, pq � pq1, p1q � p qq1,
p1

q
� pq. (2.79)

The regular representation of the af�ne symmetry is de�ned via the group inverse
as:

A : pA pq1, p1qqf pq, pq � f ppq1, p1q� 1 � pq, pqq � f p
q
q1.q

1pp � p0qq. (2.80)

The af�ne set of transformations of the real line consist in transformations of the
form x Ñ x1 � a � x � b, where a ¡ 0, b P R. The generators of its algebra areq

10In general, elements of the Weyl-Heisenberg group are de�ned by three variables pt, q, pq with
t P R, however, since the coherent states we are interested in are de�ned only by the phase space
coordinates pq, pqwe dropped t Ñ 0. Therefore the general UIR would read Tptq �UWpq, pq, where the
operator Î lifts to the operator Tptq � e� i t

h̄ 1, which relates to the fact that vectors in L2pRqcorrespond
to the same state if they differ only by a phase factor. Thus, the unique UIR (2.68), is actually a Lie
algebra representation of the Weyl-Heisenberg algebra, called the Schrödinger representation, where
we dropped t [53].
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(position) and d � pq (dilation): t q, pu � 1 Ñ t q, du � q. The idea is to replace the
translations in position (due to the barrier at q � 0) with dilations. The translations
in momentum and the dilations generate the af�ne group (in a line). The momentum
operator is a self-adjoint generator of the UIR of the Lie group of Weyl-Heisenberg
on a full line, but in the new Hilbert space for the new Lie group of af�ne symmetry it
becomes a symmetric operator but not self-adjoint because of the boundary at x � 0.
Hence, in the Lie algebra representation of the af�ne algebra, (when following the
canonical prescription q Ñ iQ̂, p Ñ iP̂, 1 Ñ � i1) only the position and the dilation
operator, de�ned as d Ñ � i D̂ � � 1

2 ipQ̂P̂ � P̂Q̂q, are self-adjoint in the mentioned
Hilbert space H . Then, we get the canonical commutation of quantum mechanics
that gives the resulting af�ne commutation rule for these two operator,

rQ̂, P̂s � i1 ÝÑ r Q̂, D̂s � iQ̂. (2.81)

The so-called af�ne coherent states (ACS) are de�ned as being created by the ac-
tion of the non-trivial UIR 11 of the af�ne group in terms of these two self-adjoint
operators

jq, py � UApq, pqjy 0y � e
i
h̄ pQ̂e� i

h̄ ln pqqD̂ jy 0y, (2.82)

on the �ducial vector jy 0y, and parametrised by the half-plane pq, pq P R � � R.
Again, we assume h̄ � 1. As we chose our arbitrary origin to be pq, pq � p 1, 0q,
the physical centering conditions (2.71) on the �ducial state used for the expectation
values on the half line, are shifted like

xy 0jQ̂jy 0y � 1, xy 0j P̂jy 0y � 0. (2.83)

The action of the UIR of the af�ne group on H � L2pR � , dxqintroduce a continuous
family of unit vectors (in the position representation) as follows:

xx|q, py :� x xjUApq, pqjy 0y � UApq, pqy 0pxq �
eipx

?
q

y 0

�
x
q



P H , (2.84)

where y 0pxq � x x|y 0y PH . The resolution of identity for ACS is found to read:
»

R � � R

dqdp
N

jq, pyxq, pj � 1 (2.85)

where y 0pxq12 is a �xed �ducial vector that satis�es the normalization imposed by
the af�ne group [57]:

N � 2p � r p0q   8 where r paq :�
»

|y 0pxq|2

xa� 1 dx13. (2.86)

11In fact, the af�ne group has two non-equivalent UIR U� [56], but only the UIR U� is concerned
in this thesis.

12In general, this �ducial vector entering the identity resolution does not need to be the same as the
one used for the expectation values (2.83).

13The normalization comes from the group integrability (or admissibility) condition, which puts
an additional restriction on the �ducial vectors: jy 0y PL2pR, dxq X L2pR, dx{xq. As it is explained
in several works [57, 58], the admissibility condition is necessary because the af�ne group is non-
unimodular, meaning that the measure d mA pq, pq � dqdp is left-invariant by (2.79) but not right-
invariant. In this thesis we assume left regular representations of the symmetry groups (2.72), (2.80),
hence we work with left-invariant measures.
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Since the momentum operator reads as � iBx in the position representation, for
later purposes, it is also useful to de�ne:

spaq:�
»

|Bxy 0pxq|2

xa� 1 dx. (2.87)

As we show later, utilizing the af�ne representation to quantize cosmological mod-
els produces intriguing and intricate outcomes, all the while maintaining the funda-
mental paradigm of quantum physics, the canonical commutation rule.

2.4.2 Quantization methods based on coherent states

Let us �rst de�ne what a quantization procedure is [59]: given a classical phase space
X , and a vector spaceCpX qof complex-valued functions f pxqon X , the quantization
is a linear map from CpX q to a vector spaceA pH q of linear operators Â f on some
Hilbert space H :

Q : f P CpX q ÞÑQpf q � Â f P A pH q (2.88)

The map must ful�ll the following conditions:

(1) To f � 1 there corresponds the identity on H : f � 1 ÞÑÂ f � I H

(2) To a real function f there corresponds an (essentially) self-adjoint operator Â f
in H .

In addition, physics introduce further conditions. Some natural requirements in-
spired by canonical quantization rules [60] are postulated:

(i) The map is linear: Âc1 f � c2g � c1Â f � c2Âg, where c1, c2 PC.

(ii) Enhancing (2): in the context of physics, f would be a real observable, to
which is assigned a symmetric operator. Moreover, if the observable is semi-
bounded, it is promoted a to semi-bounded operator, that is always a self-
adjoint extension14.

(iii) The classical limit of the quantum commutator (at the order ¯ h) corresponds to
the Poisson bracket: t f , gu � h ÞÑ rÂ f , Âgs � i h̄Âh. (The non-commutativity in
operators' algebra is a fundamental property of Quantum Mechanics).

(iv) Any quantization based on GCS generated by the UIR of a symmetry group
must be covariant with respect to the group symmetry, in the same sense that
canonical quantisation is covariant with respect to positions and momentum
translations.

The resolution of identity (2.65) provides a remarkable property that motivates the
use of GCS within the so-called integral quantization methods 15:

f ÞÑA f �
»

f pq, pqjq, pyxq, pj
dmpq, pq

N
, (2.89)

This integral map is known as the diagonal representation of operators, and it ful-
�lls all the requirements listed above for a quantization map. Furthermore, when

14This is called Friedrich extension [61]: The self-adjoint extension of the semi-bounded (from be-
low) symmetric operator Â f , that may fail to be essentially self-adjoint

15From now on we drop the hat-notation in A f when referring to operators obtained by integral
quantization map.
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the construction involves the use of a group action, it is possible to insist on the
method's covariance aspects. Lie group representation theory provides many possi-
bilities for constructing explicit integral quantization methods [59]. Then, the above
map is usually called a phase-space covariant map, since statesjq, py are chosen to
be created by the action of the convenient representation of the phase space sym-
metry G. Therefore the map provides an integral quantization of complex-valued
functions fG on the Lie group G of such symmetry:

A f �
»

G
f Gpq, pqQGpq, pq

dmGpq, pq

NG
, with QG :� jq, py

G
xq, pj

G
. (2.90)

where G ÞÑUG is a UIR of G in the Hilbert space, and the quantization is covariant in
the sense thatUGA f UG

: � ApGqf
16. The diagonal family of operators QG is obtained

by a G-translation as
QGpq, pq � UGpq, pqQ0U :

Gpq, pq (2.91)

of the chosen unit trace (self-adjoint on H ) operator Q0 � jy 0yxy 0j � NGI , where
NG �

³
G dmGpq, pq|xy 0jUGjy 0y|2   8 is the normalization factor coming from the

�xed unit �ducial vector jy 0y for the group G17, 18.
The proposed quantization approach highlights the important role of phase space

symmetry and permits an in�nite number of quantization maps, provided that they
are covariant with respect to such a symmetry. An advantage of our quantization
method is that it describes the ambiguities present in the quantization process with
a convenient parametrization. This makes our analysis more robust, as we will see
when computing af�ne quantization of the isotropic variables in our cosmological
models.

2.4.3 Semiclassical formalism

Integral quantization enables the construction of a natural semi-classical framework.
It allows to write down the formula for classical-like expectation value

Tr
�
PGA f

�
�

»

G
f Gpq, pqTr

�
PGQGpq, pq

	 dmGpq, pq

NG
, (2.92)

16An example of symmetries pGqf are pT qf (Eq. (2.72)) andpA qf (Eq. (2.80)), with UG Ñ UW or
UA , respectively, for the Weyl-Heisenberg group of translations and the Af�ne symmetry group.

17According to the admissibility condition of the operator UG imposed by the orthogonality relation
of the given group [62]

18In the context of quantization using the af�ne group, it is important to emphasize here that the
operators Q̂, P̂ and D̂ in (2.81) where obtained from q, p by means of the usual canonical quantization
prescription. In this well-known procedure, we get the canonical commutation relation of quantum
physics and the classical limit of the obtained commutation relation coincides with the Poisson bracket
of the algebra of the generators, what is a requirement of quantization as stated in condition (iii) above.
When applying a different method of quantization, it is not trivial that the operators obtained from
quantizing the observables q Ñ Aq and p Ñ Ap will satisfy the same commutation relation as the one
of the operators obtained by the canonical rule (2.81), that has the proper classical limit. Therefore, if a
method of quantization based on GCS is applied, the �ducial vector for quantization must be selected
imposing that the commutation relation of the quantum operators is the same as (2.81), in addition
to the integrability condition (2.86). However, this might be in con�ict with the physical centering
imposed by the group (2.83) on the �ducial vector. In that case, there are two options: a) we use two
different families of �ducial vector of GCS, one for the quantization method and one for the expectation
values (as it was done in the work presented in chapter 3); b) we look for a �ducial vector that ful�lls
both conditions (as we did in work presented in of chapter 6, where a more general �ducial vector in
terms of two parameters controlling the quantum dispersion is introduced).
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where PG � jq1, p1y
G
xq1, p1j

G
is in general a different family of unit trace operators

of the same group obtained from a different �ducial vector P0 � j ȳ 0yxȳ 0j. The op-
erators are typically denoted by PG due to the fact that the quantity Tr pPGQGq �

xq, pj
G
PGjq, py

G
� |x q, p|q1, p1y|

2
G

acts as a probability distribution for a state jq, py to
be in the state jq1, p1y, implying uncertainties in the phase space. More generally,
PG can be seen as a projector describing a quantum system whose wave-function
Hilbert space is approximated with the family of coherent states jq1, p1yG. The expec-
tation value in projectors PG for a quantum observable represented by a self-adjoint
operator A f on H is then given by: xA f ypq1,p1qG

� Tr pPGA f q. Hence, using the above

formula, we can write the so-called lower symbol [63] of the observable f ÞÑ qf ,
which is viewed as a semiclassical representation of the operator A f . In terms of the
GCS19, it reads:

qf pq, pq :� Tr pPGA f q �
»

G
|xq, p|q1, p1y|

2
G f pq1, p1q

dmGq1, p1q

NG
(2.93)

The above formula provides a semiclassical version of the observable f , which can
be interpreted as the classical limit of its quantum corrected version. This formula
combines the quantization by GCS of the group G, with the semiclassical portrait of
the operators issued from the same GCS group.

Equivalently, the full procedure could be split in two steps, the �rst to obtain
the quantum operator A f that correspond to the observable f and, the second to
evaluate its expectation value with a different family of coherent states of the same
group yielding its semiclassical portrait 20:

qf pq, pq � x q, pj
G
A f jq, py

G
. (2.94)

In addition, there exists an alternative formula for integral quantization that
might be more practical to utilize in some situations. The latter is obtained using
the so-called symplectic Fourier transform of f pq, pqover a group:

F r f spq, pq �
»

G
eisppq,pq�pq1,p1q f pq1, p1q

dmGpq1, p1q

NG
(2.95)

Therefore, by de�ning a weight function via the corresponding group transform

P Gpq, pq :� Tr pUGpq, pqQ0q ùñ Q0 �
»

G
UGpq, pqP Gpq, pq

dmGpq, pq

NG
(2.96)

and substituting (2.91) in (2.90), it can be shown that one obtains the equivalent form
of G-group integral quantization [55]:

A f �
»

G
UGpq, pqF r f sp� q, � pqP Gpq, pq

dmGpq, pq

NG
(2.97)

19Changing labels for simplicity q Ø q1, p Ø p1

20The �rst procedure was the one employed for the Mixmaster background of the work presented
in chapter 3, whereas the second option was performed in the Friedmann background of the work in
chapter 6
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together with corresponding lower symbol:

qf pq, pq �
»

G
F rP pq, pqs �F rP̃ sf pq1� q, p1� pqf pq1, p1q

dmGpq1, p1q

N 2
G

(2.98)

where P̃ pq, pq � P p� q, � pq. This alternative formulation is sometimes convenient,
since more tractable formulas can be obtained when the weight function instead of
the family of operators QGpq, pq(or the de�ning Q0) is used21.

Semiclassical and semiquantum trajectories

The coherent state semiclassical description constitutes a tool that allows to obtain
an approximation to the exact quantum dynamics of systems that undergo evolution
in both the classical and quantum regimes. In this formalism, the dynamics of the
quantum states just describes the propagation of �xed reference states, in a way such
that the mean position and momentum obey the evolution of the labels qptq, pptqof
their phase space representation. During the motion, the shape of the wavefunction
is kept �xed. The evolution of the phase space semiclassical trajectories include cor-
rections from the quantum evolution. When the quantum effects are visible, then
the quantum uncertainty cannot be neglected. Therefore, sometimes these trajec-
tories are named as "semiquantum" instead of semiclassical, in order to emphasize
their quantum nature. This in particular implies that the expectation values of com-
pound operators are not, in general, simple functions of the expectation values of
basic operators. The name "semiclassical" is usually restricted to trajectories of clas-
sical variables that, don't follow the classical equations of motion, but retain all the
properties the classical trajectories have. That means, functions of these variables
are those that would be obtained if they were actually classical; with quantum un-
certainties assumed negligible 22.

2.4.4 Application of GCS methods to Quantum Cosmology

We apply the presented quantization methods and semiclassical formalism based on
GCS to the background variables of our cosmological models explained in the previ-
ous sections. For the isotropic variables, since we cannot apply canonical quantiza-
tion because they are de�ned on the half-plane pq, pq PR � � R (as one can observe
in (2.19) and (2.54)), it is necessary to employ the af�ne group integral quantiza-
tion. For the anisotropic background variables of the mixmaster-model, de�ned in
the full-plane pb� , p� q PR2, we use the Weyl-Heisenberg integral quantization and
semiclassical portrait.

In general, as we shall prove, the af�ne semiclassical formalism for the isotropic
variables supplements the kinetic term 9 p2 of the background Hamiltonian with a
term of the form � K{q2, where K ¡ 0. Thus, with af�ne quantization we arrive to

21We employ this quantization approach for the anisotropic background variables by making the
replacement pq, pq Ñ pb� , p� qin section 6.1.2.

22Here I provide an intuitive example of when the term semiquantum applies for the trajectories:
when in the context of General Relativity we assume we have a regular 4-dimensional spacetime, seen
as a classical object, but now solving quantum corrected equations of motion instead of Einstein equa-
tions, the phase space trajectories are commonly understood as semiclassical. If in the same framework
we refer to a trajectory as semiquantum, we are meant to point out that such space time is not seen as
classical anymore but quantum, and we should focus on the uncertainties of the background, that may
produce ambiguous predictions on quantum observables over that semiquantum background phase
space.
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a quantum model in which the appearance of the term K{q2, with form of a repul-
sive potential, generates a "quantum force" that removes the singularity, since the
point q � 0 is never reached. Whenq Ñ 0 , the potential grows unboundedly, cre-
ating an impassable barrier that prevents the geometry from collapse. That yields,
the contracting universe to rebound off the potential at a value q ¡ 0, initiating an
expansion phase, which is smoothly connected to the contracting one. Later in time,
the potential term quickly decreases, since q increases for the expanding universe,
and therefore, far away from the bounce, the dynamics becomes again (at the level
of expectation values of the basic variables) classical.

This result unlocks a wide-ranging �eld for scienti�c investigations. Within
these, our focus is on the inquiry into the possible ambiguities of evolution in the
(semi)quantum regime of the big bounce scenario and the potential observational
impacts.
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3
Unitarily inequivalent quantum
cosmological models

DISCLAIMER: The material presented in this Chapter was originally published
in Phys. Rev. D 105 023522 (2022) (which corresponds to the reference [23]) of
which I am a coauthor. Part of it was also included in my contribution to the
Proceedings of the 2022 Cosmology session of the 56th Rencontres de Moriond
(2022) [arXiv:2203.03924] (Ref. [64]). My contributions to this publication can be
summarised as follows: I participated in de�ning the two parametrizations of
the classical model and in solving the classical equations of motion. I veri�ed
the derivation of the quantum models and computed the inequivalent potentials
stemming from the quantization ambiguity. I participated in the discussion of the
obtained results, illustrating them with plots. I participated in the preparation of
the paper for publication. I gave talks presenting these results in: "4th PU Interna-
tional Conference on Gravitation and Cosmology" (Lahore, Pakistan in Nov. 2021)
and "NCBJ PhD Seminar 2021" (National Centre for Nuclear Research, Poland in
Mar. 2021).

The in�ationary scenario is currently the most accepted model for the origin of
primordial perturbations, from which present cosmological structure evolved. This
means that primordial perturbations are usually studied in the framework of in�a-
tion, which assumes a classical homogeneous background spacetime, while only the
small inhomogeneous perturbations are quantized [26]. Quantizing the perturba-
tions is crucial for making accurate predictions of the temperature anisotropies in
the Cosmic Microwave Background (CMB). Due to its success, in�ation provides
compelling evidence for the quantum nature of the gravitational �eld and motivates
further exploration of potential quantum effects in the evolution of the cosmologi-
cal background. This opens up the possibility of alternative cosmological scenarios
that, although using the same mechanism of parametric ampli�cation in generating
primordial structures, rely on quantum background evolution instead of a classical
in�ationary phase. In this chapter, we introduce such a scenario, which is based on
the (semi)quantum dynamics of scalar perturbations in a quantum FLRW universe,
where a contracting phase and a quantum bounce play the role of the ampli�er of
vacuum �uctuations. We postpone the detailed analysis of the dynamics to the the
next chapter 4, focusing in the present chapter on a fundamental ambiguity in de�-
nitions of quantum bouncing models with perturbations.



34 Chapter 3. Unitarily inequivalent quantum cosmological models

Most bouncing models are either based on a classical (or semiclassical) back-
ground [65, 66]. The purpose of this chapter is to show that there might be some im-
portant caveat that should be taken into account as an unsolved ambiguity, not to be
mistaken with that due to operator ordering (also present but �xed independently),
can emerge in a quantum bouncing scenario. It is worth mentioning that already in
classical backgrounds, the notion of the initial vacuum state depends on the choice of
perturbation variables for quantization as discussed e.g., in [67]. This physical ambi-
guity becomes worse, and concerns the dynamics of perturbations as well, once the
background is quantized. A similar point was considered in recent works [68] for
an in�ationary background, leading to a vanishingly small effect. Since the quan-
tum character of the background is emphasized, we shall call the h̄� corrected back-
ground trajectories of our system semiquantumand not semiclassical, as explained at
the end of section 2.4.3.

In what follows, we examine a simple model of a perturbed FLRW universe �lled
with a perfect �uid. The classical physical Hamiltonian that generates the dynamics
of such model with respect to the internal clock t was given in (2.34):

H � H0 �
¸

k

Hp2q, with

Hp0q � 2k0p2, Hp2q
k �

1
2

|p f ,k |2 �
1
2

wp1 � wq2
�

q
g


 4p3w� 1q
3p1� wq

k2|f k |2.

(3.1)

As we showed in (2.28), this model is classically singular, all trajectories either
expand from a singularity (vanishing scale factor) or contract toward one. However,
as anticipated in 2.4.4, the quantized dynamics of the background sews the contract-
ing and expanding phases, with a Big Bounce.

Before proceeding to the quantization, it is convenient to introduce a conformal
time h for our system, de�ned in terms of the internal time as Ndt � adh, and given
by

dh � Z2dt � p 1 � wq
�

q
g


 2p3w� 1q
3p1� wq

dt , (3.2)

where we made use of Eq. (2.19) and we have de�ned the function

Zpt q �
?

1 � w
�

q
g


 3w� 1
3p1� wq

. (3.3)

The singularity is also assumed to happen for h Ñ 0. One then �nds the “classical”
conformal time to read

h �
1 � w
r1 � r2

�
qBw
g


 2r1

t r1� r2, (3.4)

which is straightforwardly inverted to yield t phq, and �nally

qphq � qBw

�
r1 � r2

1 � w

�
qBw
g


 � 2r1

h

� 1{pr1� r2q

9 h
3p1� wq
1� 3w , (3.5)

where we have set

r1 �
3w � 1

3p1 � wq
and r2 � r1 � 1 �

2
3p1 � wq

(3.6)
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(the reason for introducing r1 and r2 will become clearer later).

3.1 A quantum background

We proceed now to describe our approach to quantization of the background, which
resolves the classical singularity with a bounce. Instead of using the Wheeler-De
Witt equation [69], we use the semiquantum approximation introduced in section
2.4.4 leading to regular, bouncing behaviour.

The phase space for the cosmological backgroundpqpt q, ppt qqis the half-plane
rather than the full plane and hence the usual canonical quantization rules seem
to be inadequate. Therefore, we apply a general quantization scheme of section
2.4.2, which respects the symmetries of the phase space and which takes care of the
factor ordering ambiguity. This method provides all factor orderings in a convenient
parametrization, that is, they are encoded in (yet) unknown parameters that enter
into the symmetrized operator A f version of the classical c-numbers-valued function
of the phase spacef . We introduce then a family of quantum models, described by a
set of free parameters that can be computed in the framework of GCS quantization
using the af�ne group of 2.4.1 for the half-plane. The af�ne quantization has already
been proposed before for a consistent quantum gravity program [70, 71].

3.1.1 Af�ne quantization of the background

Since the background phase space is the half plane, we use the covariant integral
quantization method based on the unitary, irreducible and square-integrable repre-
sentation of the af�ne group in the Hilbert space H � L2pR � , dxq, introduced in Eq.
(2.84). The af�ne coherent states are generated by the action of such representation
on a �ducial vector state, denoted here by jy 0y:

R � � R Q pq, pq ÞÑ |q, py :� UApq, pq|y 0y PH , (3.7)

where, for the purpose of quantization, we choose the following family of �ducial
states:

y 0npxq �
� n

p

	 1
4 1

?
x

exp

�

�
n
2

�
ln x �

3
4n


 2
�

, (3.8)

for the parameter n ¡ 0 controlling the quantum uncertainty, such that the condition
of Eq. (2.86) is satis�ed, and for which the coef�cients introduced in that equation
and Eq. (2.87) read:

r npaq � exp
�

pa � 2qpa � 1q
4n

�
,

snpaq �

�
n
2

�
�

a � 2
2


 2
�

exp
�

apa � 3q
4n

�
,

(3.9)

and are positive de�nite. Once the above are known, we can apply the quantization
map (2.90), using (2.84), to �nd the af�ne coherent state quantization of the following
observables (a detailed example of the explicit computations can be found in, e.g.,
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Appendix of [72]):

A1 � 1, (3.10a)

Aqa � apaqpQa, (3.10b)

Ap � pP, (3.10c)

Aqap2 � apaqpQa pP2 � iah̄apaqpQa� 1 pP � cpaq̄h2 pQa� 2, (3.10d)

where pQ and pP are the "position” and "momentum” operators on the half-line: mean-
ing Eqs. (3.10b) and (3.10c) are to be understood asxx|Aqa |f y � apaqxaf pxq and
xx|Ap|f y � � i h̄df {dx, where f pxq :� x x|f y. They satisfy the usual commutation
relation r pQ, pPs � i h̄, and therefore r pQa, pPs � i h̄a pQa� 1, so that the symmetric operator
(3.10d) can be written as:

qap2 ÞÑapaqpP pQa pP � h̄2cpaqpQa� 2; (3.11)

The parameters

apaq �
r paq
r p0q

, and cpaq �
1
2

ap1 � aqapaq �
spa � 2q

r p0q
(3.12)

are calculable for the real �ducial vector y 0npxq. This family of �ducial vectors was
chosen on purpose such that ap1q � 1, i.e. r np1q � r np0q � e� 1{pnq, as needed to
ensure the usual commutation relation of Quantum Mechanics between the position
variable and its associated canonical momentum rAq, Aps � iap1q̄h � r pQ, pPs � i h̄.
Hence, numerous quantum models are obtained (depending on n) from a particular
classical model. However, this arbitrariness does not result in qualitatively distinct
quantum dynamics. Instead, it permits one to freely set numerical parameters in
the quantum Hamiltonian in accordance with the physical intuition or, optimally,
available observational data. We consider this aspect an advantage of the presented
approach over different quantization methods in which one obtains a single quan-
tum model that is totally determined by theory and not adjustable to observational
data.

Thus, the existing ambiguity due to the usual factor ordering when going from
classical to quantum is fully taken care of in this framework by providing actual
numbers for the gothic-style parameters appearing in Eqs. (3.10b) and (3.10d) by
setting some value to n. Assuming knowledge of these (e.g., by comparison with
some relevant experimental result), one expects the ensuing predictions to be unam-
biguous from the point of view of factor ordering; whatever remaining ambiguity,
as the one detailed below, cannot follow from it. Hence, one might think about the
coherent state quantization based on the �ducial vector as a convenient method for
parametrizing natural ordering ambiguities

From the above mappings, it follows that the application of the af�ne quantiza-
tion to the background Hamiltonian yields

Hp0q ÞÑpHp0q � 2k0

�
pP2 � h̄2c0

pQ� 2
	

, (3.13)

with the free parameter being c0 � cp0q � sp� 2q{r p0q � n{2. The value c0 � 0,
would correspond to the "canonical quantization" case. However, for the present
method of af�ne quantization we have c0 ¡ 0, yielding the repulsive potential
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9 pQ� 2, of quantum geometric origin, to naturally prevent the universe from reach-
ing the singular point q � 0 by reversing its motion from contraction to expansion.
If n ¡ 3{2 Ñ c0 ¥ 3

4, then pHp0q is essentially self-adjoint and no boundary condition
for the evolution of the wave-function of the universe needs be imposed at pQ � 0
to ensure a unique and unitary dynamics (see, e.g., Ref. [73] and references therein).
The only way to determine the right value of the parameter c0 (and then n) is, as sug-
gested above, to compare the predictions of the model with the actual observations
of the Universe.

3.1.2 Phase space semiquantum approximation

We now introduce a semiquantum approximation (as suggested in 2.4.3) to the quan-
tum dynamics of the background geometry. It should be noted that any ambiguous
effect such as the one we obtain here at a semiquantum level may only be enhanced
if a fully quantum description of the background were to be used. We carefully con-
struct the semiquantum trajectory description with the use of af�ne coherent states.

First we construct wave functions evolving in accordance with (3.13): |y Bpt qy,
that correspond to various energies and have various spreads in pQ and pP. One can
�nd a wide class of solutions by approximating the Hilbert space with a family of
coherent states, given by state vectorspq, pq ÞÑjq, py in one-to-one correspondence
with the phase space. The quantum dynamics of the background can be approxi-
mated by con�ning the quantum motion to a family of the af�ne coherent states that
we construct with another �ducial vector, j ry 0y. Then, one builds the af�ne coherent
state for the semiquantum portrait by means of Eq. (2.82):

|qpt q, ppt qy � eippt qpQ{ h̄e� i ln qpt qpD{ h̄| ry 0y, (3.14)

The expectation values of pQ and pP in |qpt q, ppt qyare respectively qpt qand ppt q. In
order for the latter statement to be ful�lled, the physical centering conditions (2.83)
of the af�ne group must be satis�ed by the new �ducial state: xry 0| pQ| ry 0y � 1 (re-
call q, and therefore pQ, is dimensionless) and xry 0| pP| ry 0y � 0. It can be shown that
the �ducial vector y 0npxq used for quantization does not satisfy these conditions:
xy 0| pQ|y 0y � r np� 2q � e3{p2nq � 1. That is precisely the reason why we introduce
the second family of �ducial vector states for the semiquantum approximation, that
yields the expectation values for the momentum and position operators in any co-
herent state, aligned with the phase space point to which a given coherent state is
assigned:

ry 0mpxq �
� m

p

	 1
4 1

?
x

exp

�

�
m
2

�
ln x �

1
4m


 2
�

, (3.15)

where now m ¡ 0 is assumed. In addition, this new family must also satisfy the
integrability condition of the af�ne coherent states (2.86), for the new �ducial state
j ry 0y. The corresponding coef�cients for this new family of �ducial vectors are:

r̃ mpaq � exp
�

pa � 1qpa � 2q
4m

�
,

s̃mpaq �

�
m
2

�
�

a � 2
2


 2
�

exp
�

pa � 3qpa � 4q
4m

�
.

(3.16)
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FIGURE 3.1: Fiducial functions y 0np10xq and ry 0mpx{10q (blue), for
n, m � 1 (thin line), 2 (full), 3 (dashed) and 4 (dotted). For better
readability of the �gure, the functions have been shifted so that y 0n
appears centered around 0.1 and ry 0m around 10. As functions of x,

they should all be centered around x � 1.

These are also positive de�nite as expected. It is now clear that r̃ mp� 2q � 1, as
expected for this description to satisfy the centering condition. However, as ex-
pected, this family of �ducial states, being different from the one employed for
quantization, does not satisfy the canonical commutation rule (on the half-line):
r̃ p1q � e3{p2mq � e1{p2mq � r̃ p0q. Some example �ducial functions y 0npxqand ry 0mpxq
are displayed in Fig. 3.1. In some cases, it is possible to select a more general unique
family of �ducial states, typically by assuming it depends on more than just one
quantization parameter ( mor n here), that satisfy both the commutation rule and the
physical centering conditions.

The evaluation of the expectation value of the Hamiltonian can be obtained by
computing:

xq, p| pQa pP2|q, py � r̃ p� a � 1qqap2 � iar̃ p� aqqa� 1p

�
�

s̃p� a � 1q �
ap1 � aq

2
r̃ p� a � 1q

�
qa� 2,

(3.17a)

xq, p| pQa pP|q, py � r̃ p� a � 1qqap � i
a
2

r̃ p� aqqa� 1, (3.17b)

xq, p| pQa|q, py � r̃ p� a � 1qqa. (3.17c)

Semiquantum background trajectories

The dynamics of the background con�ned to the vectors |qpt q, ppt qycan be deduced
from the quantum action

SB �
»

xqpt q, ppt q|
�

i h̄
B

Bt
� pHp0q



|qpt q, ppt qydt , (3.18)

which, upon using the properties of the state (3.14), can be transformed into

SB �
»

t 9qpt qppt q � Hsem rqpt q, ppt qsudt , (3.19)
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with the semiquantum Hamiltonian given by

Hsem � x q, p| pHp0q|q, py, (3.20)

from which one derives the usual Hamilton equations

9q �
BHsem

Bp
and 9p � �

BHsem

Bq
. (3.21)

Given the quantum Hamiltonian (3.13), we �nd that the semiquantum background
Hamiltonian reads:

Hsem � 2k0

�

p2 �
h̄2K
q2

�

, (3.22)

where the actual value of the new constant K ¡ 0 depends on the choice of the family

of coherent states: K � c0r̃ p1q � s̃p� 2q �
�

n
2 � 2m� 1

4

	
exp

�
3

2m

	
, whose minimum

value Kmin is reached for n � 0 and mmin � p 3 �
?

21q{4 � 1.89, at which point one
has Kmin � 2.64. Thus,K ¡ 0 is positive irrespective of whether c0 � 0 or c0 ¡ 0.

We �nd the solution to (3.21) to read

q � qB

b
1 � p wt q2, (3.23a)

p �
qBw2

4k0

t
a

1 � p wt q2
, (3.23b)

where q2
B � 2k0h̄2K{ Hsem then represents the minimum scale factor volume and

w � 2Hsem{ph̄
?

Kq the acceleration at the bounce. We display in Fig. 3.2 a few
trajectories in the phase space illustrating these solutions and comparing them with
their classical counterparts (2.28).

With this semiquantum solution, one can also integrate (3.2) to obtain the con-
formal time h, as a function of t

h � p 1 � wqt
�

qB

g


 2r1

F
�

1
2

, � r1;
3
2

; � p wt q2
�

, (3.24)

where F pa, b; c; zq is the hypergeometric function (see Sec. 15 of Ref. [74]). As ex-
pected, one recovers the classical power law (3.4) in the late-time limit t " w� 1,
up to a constant depending on the barotropic index w and vanishing for w � 1

3.
Figure 3.3 shows the classical and semiquantum relations hpt q.

3.2 Classical perturbations

We have explained our quantization of the background spacetime and its semiquan-
tum evolution. In what follows, we discuss the classical and quantum dynamics
of the perturbations to the background spacetime. We restrict our attention in this
section to classical perturbations over the classical background, following the termi-
nology previously introduced.

The reduced phase space is a pair of basic perturbation variables pf k , p f ,kq
equipped with the second-order classical Hamiltonian H2

k of Eq. (3.1). There is,
however, no preferred (from the physical point of view) choice of basic variables,
and one is free to perform any canonical transformation in the reduced phase space
prior to quantization. All these classical formulations are physically equivalent. We
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FIGURE 3.2: Background phase space evolutions for different values
of qB and w: the straight lines represent Eqs. (2.28), either going to or
emerging from a singularity ( q Ñ 0), while the curves are the solu-
tions (3.23) leading to the same asymptotic classical lines. The semi-
quantum solution are seen to consist of a bounce smoothly joining

expanding ( p ¡ 0) and contracting (p   0) classical universes.
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FIGURE 3.3: Conformal time h as a function of t , for the classical
(3.4) and semiquantum (3.24) solutions for w � 0 (thin line), w � 0.1
(thick), w � 0.2 (dashed) and w � 0.3 (dotted). The quantum con-
formal time tends to the classical one up to a constant factor, which

vanishes for � 1
3.

consider two examples of them to analyse the potential different results that may
arise from the quantization of these classically equivalent theories.

3.2.1 Fluid parametrization

We name (2.34) theFluid-parametrization of the second-order Hamiltonian:

Hp2q
k �

1
2

|p f ,k |2 �
1
2

wp1 � wq2
�

q
g


 4r1

k2|f k |2, (3.25)

with r1 de�ned in (3.6). We call it the �uid-parametrization as for the �uid time t
the Hamiltonian (3.25) takes a simple form in which its kinetic term is canonical.
The Fourier component f k of the perturbation �eld is a combination of the �uid
perturbation 1 df k and the intrinsic curvature perturbation dRk , that can be seen in
(2.36). The angular mode wavenumber k � | k| is the amplitude of the wave vector;
recall that since the FLRW background (2.16) is isotropic, as usual, the initial con-
ditions, and therefore the solutions of the perturbation evolution equation depend
only on the amplitude k and not on its direction k{k. Given our conventions, the
physical dimensions are rf ks �

?
ML and rp f ,ks �

?
M. The Poisson bracket reads

t f k1, p f ,� k2u � dk1,k2. From the Hamilton equations for the perturbation pair, the
equation of motion expressed in the internal time is found to read

:f k �
�

q
g


 4r1

wp1 � wq2k2f k � 0. (3.26)

It shows that for radiation, i.e. for w � 1
3, which implies r1 � 0, the dynamics of f k

becomes decoupled from the dynamical background.

1The background �uid time t is actually a combination of the �uid background variable and its
canonical momentum, p1 � wqt � f̄ | p̄f |� 1{w, as it was de�ned in Eq. (2.23).
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3.2.2 Conformal perturbations

Another example of canonical �elds is provided by the pair pv, p vq, that is commonly
used for solving the dynamics of scalar perturbations in in�ationary models. It is
de�ned by the canonical transformation

vk � Zf k , (3.27a)

p v,k � Z � 1p f ,k �
9Z

Z2 f k , (3.27b)

where the function Z is de�ned in (3.3) above.
It can be noted that in the comoving gauge, one has df k � 0, and thus vk �

�
b

3p1� wq
wk0

aR k , where R k is the comoving curvature perturbation (see Eq. (2.37)),
and vk represents the Mukhanov-Sasaki variable for the given mode k [75].

We obtain the second-order Hamiltonian Hp2q
k in terms of pv, p vq, namely

Hp2q
k �

1
2

Z2  
|p v,k |2 �

�
wk2 � Vclpt q

�
|vk |2

(
, (3.28)

with the potential Vcl de�ned through

Vcl �
1

Z4

�

�
:Z
Z

� 2

�
9Z
Z

� 2
�

� (3.29)

which can be written explicitly in terms of the background canonical variables q and
p as

Hp2q
k �

1
2

p1 � wq
�

q
g


 2r1
#

|p v,k |2 �

�

wk2 �
8

9q2

�
q
g


 � 4r1 p2k0q2p1 � 3wqp2

p1 � wq2p1 � wq2

�

|vk |2
+

,

(3.30)
where we used the background equations of motion.

The coef�cient in front of the Hamiltonian (3.30) can be removed by switching to
the internal conformal time h (3.2) [76], in terms of which the potential (3.29) takes
the simpler and usual form Vcl � Z2{Z (which is the familiar form of the gravita-
tional potential in the Mukhanov-Sasaki equation), where a prime means a deriva-
tive with respect to the conformal time h: (Z1 � dZ{dh). The double derivative with
respect to the conformal time can be expressed in terms of the internal time as:

d2

dh2 � Z � 4

�
d2

dt 2 � 4r1
p
q

d
dt

�

(3.31)

The second-order Hamiltonian Z � 2Hp2q
k is then found to generate

v2
k �

�
wk2 �

8
9q2Z4

p2k0q2p1 � 3wq
p1 � wq2 p2

�
vk � 0, (3.32)

which can be written in the usual Mukhanov-Sasaki form

v2
k �

�
wk2 � Vclphq

�
� v2

k �
�

wk2 �
z2

z



vk � 0, (3.33)
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thereby identifying the classical potential

Vclphq �
8

9q2Z4

p2k0q2p1 � 3wq
p1 � wq2 p2 �

z2

z
, (3.34)

where the last equality is obtained by applying the classical Hamilton equations of
motion for the background d q{dt � 4k0p, dp{dt � 0, and there are in fact two
different and equivalent choices that can be made for the function z, being these
z1 � qr1 and z2 � qr2, namely

Vcl �
pqr1q2

qr1
�

pqr2q2

qr2
�

2p1 � 3wq
p1 � 3wq2h2 , (3.35)

as usual for a background dominated by a perfect �uid with constant equation of
state. These two power laws stem from the fact that although what enters into (3.28)
is Z2{Z, with Z 9 z1, one can then just as well choose the second solution ofz2{z �
Z2{Z, namely z2 9 Z

³
dh{Z2 � Z

³
dt � Zt which, taking the background solution

q 9 t [see Eq. (2.28)] yieldsz2 9 Zq � z1q � qr1� 1, as indeed one hasr2 � r1 � 1.
The internal conformal time provides a convenient form of the equation of mo-

tion for perturbations. We shall, however, quantize the dynamics of both the back-
ground and the perturbations reduced with respect to a unique internal time, the
internal �uid time. The term z2{z is usually referred to as the potential for the pertur-
bations, as Eq. (3.33) is mathematically identical to a time-independent Schrödinger
equation in such a potential [77]. As

Vcl �
z2

z
�

1 � 3w
2

H 2 (3.36)

has the clear physical meaning of the conformal Hubble rate H squared (w   1
3), the

conformal Hubble rate determines the coordinate scale at which the ampli�cation of
perturbations starts to take place.

We shall call the set of variables pvk , p v,kq the conformal parametrization, as it
involves naturally the conformal time. It differs from the �uid parametrization (3.25)
by the nontrivial coef�cient standing in front of the entire expression as well as the
frequency that now depends on both background variables, q and p.

3.2.3 Solutions for classical perturbations

The two parametrizations described above, pf , p f q and pv, p vq, being related by a
canonical transformation, are physically equivalent and therefore it is suf�cient to
solve the equations of motion for just one of them, e.g., the conformal one, in order
to determine the dynamics of perturbations. It is also true at the quantum level [78]
provided the background evolution is described by classical trajectories 2.

Using the de�nition (3.2) to derive the power-law behavior of qphqin (2.28), the
potential z2{z in Eq. (3.33) is found to yield the speci�c form (3.35) (independently
of the choice z � qr1 or z � qr2), so that the classical evolution of perturbation modes
is

d2vk

dh2 �
�

wk2 �
2p1 � 3wq

p1 � 3wq2h2

�
vk � 0. (3.37)

2Or semiclassical trajectories, understood as the ones described at the end of section 2.4.3 (the ones
neglecting the quantum uncertainties), whereas the neologism semiquantum applies to the trajectories
obtained here (without neglecting the quantum uncertainties) by the semiclassical methods described.
We stress the quantum nature of the latter.
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Clearly, the potential Vcl 9 h� 2 is singular at the singularity h Ñ 0. The solution can
be expressed in terms of Hankel functions, namely

vkphq �
?

h
�
c1pkqHp1q

n
� ?

wkh
�

� c2pkqHp2q
n

� ?
wkh

� �
, (3.38)

where n � 3p1� wq
2p3w� 1q and c1pkq, c2pkqare constants depending on the comoving wave

vector k through the initial conditions; for quantum vacuum �uctuations in isotropic
spacetime set as initial conditions, they can depend only on the amplitude k and not
on the direction k{k. The solution is �nite but discontinuous at h � 0. Therefore, the
comoving curvature Yk 9 vk{a in general blows up at h � 0 where the scale factor
reaches the singularity a Ñ 0; see Ref. [79] for a full treatment of the relevant cases.

3.3 Quantum perturbations

In the present section, we quantize the physically equivalent Hamiltonians (3.25)
and (3.30). Next we apply some approximations in order to integrate the dynamics.

3.3.1 Quantization of �uid parametrization

The canonical perturbation variables of the �uid parametrization satisfy the reality
condition f �

k � f � k and p �
f ,k � p f ,� k and it is possible to promote their real and

imaginary parts to canonical operators in L2pR2, i
2df kdf �

k qfor each direction k. It is,
however, more convenient to work with the Fock representation [80],

f k ÞÑpf k �

c
h̄
2

�
ak f �

k pt q � a:
� k f kpt q

�
, (3.39)

where the time-dependent mode functions f kphqare assumed to be isotropic and ak

and a:
k are �xed annihilation and creation operators that satisfy rak1, a:

k2
s � dk1,k2 (we

assume the compactness of space, implying discrete eigenvaluesk)3. As shown later,
it follows that the mode functions must satisfy a suitable normalization condition.
Note that the whole evolution of the operators pf k and pp f ,k in the Heisenberg picture
is encoded into the mode functions.

Combining the background af�ne quantization (3.10) with the quantization of
perturbations above, using the de�nition (3.6) of the classical power laws, yields
the quantized version of Hamiltonian (3.25) in the �uid parametrization (henceforth
dubbed F-parametrization)

pHp2q
k �

1
2

| pp f ,k |2 �
L Q

2
wp1 � wq2

�
pQ
g

� 4r1

k2|pf k |2, (3.40)

where L Q � ap4r1q � r p4r1q{r p0q [see Eqs. (3.10b) and (3.12)] is a free parameter of
the quantization.

3We apply conventional canonical quantization to the perturbation degrees of freedom in Fock
representation, as it is done in the standard framework of in�ation. This is due to the fact that we
want to focus on the potential effects resulting from the quantization of the background, for which
we decide to use the enhanced methods of quantization both, because the canonical quantization is
problematic due to the boundary q � 0, and because it provides a convenient way to parameterise all
the ambiguities. Then, we are able to clearly observe new effects on the propagation of perturbations
quantized canonically, in comparison to the standard in�ationary theory with perturbations promoted
in the same way, but in classical background.
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3.3.2 Quantization of conformal parametrization

We repeat the same quantization for the conformal parametrization ( C-parametrization
in what follows),

vk ÞÑpvk �

c
h̄
2

�
ak v̄kpt q � a:

� kvkpt q
�

, (3.41)

and obtain the quantum Hamiltonian derived from (3.30) as

pHp2q
k �

1
2

p1 � wq

�
pQ
g

� 2r1

M Q Hp2q
k,eff, (3.42)

with

pHp2q
k,eff �| pp v,k |2 �

�

wk2�

�
8M � 1

Q

9 pQ2

p2k0q2p1 � 3wq
p1 � wq2p1 � wq2

�
pQ
g

� � 4r1 �
N Q

pP2 � i h̄R Q
pQ� 1 pP � h̄2TQ

pQ� 2
	

�

|pvk |2,

(3.43)

where M Q � ap2r1q � r p2r1q{r p0q, N Q � ap� 2r2q � r p� 2r2q{r p0q, R Q �
2r2ap� 2r2q � 2r2N Q and TQ � cp� 2r2q � � r2p1 � 2r2qN Q � s p� 2r2 � 2q{r p0q are
free parameters in the quantization map [see Eqs. (3.10)]. Obviously, these parame-
ters are to a large extent free as the af�ne quantization depends on the �ducial vector
y 0npxq. Note that there are more free parameters and hence more quantization am-
biguities in the C-parametrization (3.43) than in the F-parametrization (3.40).

3.4 Semiquantum perturbations

A general approach to solving the dynamics of quantum perturbations in quantum
bouncing spacetime was recently given in [27]. In what follows, we assume the full
state vector to be a product of background and perturbation states, i.e.,

|y pt qy � | y Bpt qy � |y Ppt qy PH B b H pert, (3.44)

where H B is the Hilbert space of the homogeneous background L2pR � , dxq and
H pert is the Hilbert space of the inhomogeneous perturbations L2pR2, i

2df kdf �
k q.

The canonical formalism for cosmological perturbations has been developed under
the assumption that the perturbations do not backreact on the background space-
time, and there is no entanglement between the background and the perturbations.
Therefore, the dynamics of |y Bpt qyshould be determined independently of the state
|y Ppt qy. This decomposition of the wave-function is called the cosmological Born-
Oppenheimer approximation, in analogy to one with the same name in the �eld of
molecular physics, employed to simplify the interaction between the nuclei and the
electrons. Its validity for quantum cosmologies is currently debated [81–83].

Such assumption invalidates the use of Schrödinger equation, and instead, a dif-
ferent law for quantum dynamics needs to be derived through the application of
variational principle on the quantum action. Given that the dynamics of the back-
ground state is �xed by |y By, the dynamics of the perturbation state |y Ppt qycan be
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deduced from such quantum action at second order Sp0q�p 2q � SB � SP

Sp0q�p 2q �
»

xy pt q|

�

i h̄
B

Bt
� pHp0q �

¸

k

pHp2q
k

�

|y pt qydt , (3.45)

with the state vector jy pt qygiven by (3.44). We extract the zeroth order action SB

that gives (3.18), yielding to the dynamical law,

i h̄
B

Bt
jy Bpt qy � Ĥp0qjy Bpt qy, (3.46)

hence assuming, as usual, the Hamiltonian of perturbations to be much smaller than
the one of the background. For the perturbations one �nds:

SP �
»

xy P|

�

i h̄
B

Bt
�

¸

k

pHp2q
k

�

|y Pydt , (3.47)

and setting |y Py �
±

k |y kywith xy k1|y k2y � dk1,k2, one gets the associated Schrödinger
equation for each Fourier mode |y ky (up to an irrelevant phase factor), namely

ih̄
B

Bt
|y ky � H̃ k |y ky, (3.48)

where the operator H̃ k � �x y B| pHp2q
k |y By is obtained from either (3.40) or (3.42) de-

pending on the choice of parametrization, by evaluating the second-order Hamilto-
nians inside the second family of coherent states |y By Ñ | qpt q, ppt qyobtained from
ry 0mpxq, as we did for the semiquantum portrait of the background. We discuss those
in turn below.

3.4.1 Fluid modes

Within the semiquantum approximation, one can then proceed to evaluating the
behaviour of perturbations. In the F-parametrization case, the second-order Hamil-
tonian generating the dynamics of perturbations is obtained from (3.40), reading

xq, p| pHp2q
k |q, py �

1
2

| pp f ,k |2 �
L S

2
wp1 � wq2

�
q
g


 4r1

k2|pf k |2, (3.49)

where the value of L S � L Q r̃ p� 4r1 � 1q, depends on the value of L Q from quan-
tization and on the family of coherent states used to approximate the background
dynamics (see Eq. (3.17c)).

The Heisenberg equations of motion are

d
dt

pf k � � pp f ,k , (3.50a)

d
dt

pp f ,k � L Swp1 � wq2
�

q
g


 4r1

k2pf k , (3.50b)

and it follows from (3.50a) that

pp f ,k �

c
h̄
2

�
ak 9f �

k pt q � a:
� k

9f kpt q
�

, (3.51)
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and hence the canonical commutation rule, namely rpf � k , pp f ,ks � i h̄, implies the nor-
malization condition on the mode functions 9f kf �

k � f k 9f �
k � 2i. By combining the

above equations, we may obtain the second-order dynamical equation for pf k , which
must also be obeyed by the mode function f k. We switch to the internal conformal
clock given by Eq. (3.2) and rescale the mode functions,vF

k � Zf k, to make it coincide
with the Mukhanov-Sasaki variable vF

k, already present in the C-parametrization be-
fore the quantization. The superscript “F” indicates that its dynamics is generated by
the �uid Hamiltonian. More speci�cally, we �nd that the dynamics of vF

k generated
by the Hamiltonian (3.49) reads

d2vF
k

dh2 �
�
k2

F � VFphq
�

vF
k � 0, (3.52)

with the effective wave number kF �
?

L Swk, and the �uid potential given by

VF �
8

9q2Z4

p2k0q2p1 � 3wq
p1 � wq2

�
p2 �

3p1 � wqK
2q2

�
. (3.53)

Note that for large q, i.e. away from the bounce, the quantum correction be-
comes negligible so that the semiquantum potential (3.52) approaches the classical
one (3.30). Indeed, using 9Z{Z � r1 9q{q and q1 � 9q{Z2, one �nds

Z2

Z
�

r1

Z4

�
:q
q

� p 1 � r1q
�

9q
q


 2
�

, (3.54)

and replacing the function qpt qby the solution (3.23) for the background semiquan-
tum trajectory, it is straightforward to check that, for all times, the potential VF can
be given the familiar form:

VF �
Z2

Z
�

pqr1q2

qr1
. (3.55)

Since the semiquantum trajectory (3.23) is asymptotic to the classical one (2.28) for
wt Ñ 8 , i.e. for h Ñ 8 , the �uid potential satis�es

VFphq � Vclphq for wt " 1, i.e.
q
qB

" 1, (3.56)

where Vcl is given by (3.35); it is illustrated in Fig. 3.4.

3.4.2 Conformal modes

The same procedure applied to the conformal parametrization yields

xq, p| pHp2q
k |q, py �

1
2

Z2M S

�
| pp v,k|

2 � W2
v|pvk|

2�
, (3.57)

with

W2
v � wk2 �

8M � 1
S

9q2Z4

p2k0q2p1 � 3wq
p1 � wq2

�

N Sp2 �
h̄2TS

q2

�

, (3.58)

where the free semiquantum parameters are M S � M Q r̃ p� 2r1 � 1q, N S �
N Q r̃ p2r2 � 1q, TS � N Q s̃p2r2 � 1q � TQ r̃ p2r2 � 1q, dependent also on the family
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FIGURE 3.4: The gravitational potentials VC (full line), from (3.60),
and VF (dashed line), from (3.52), as functions of the conformal time
h; the parameter values are chosen asqB Ñ 1, w Ñ 1, k0 Ñ 1 and
w � 0.2 for the purpose of illustration. These potentials are deduced
from the quantum �uid (3.49) and conformal (3.57) Hamiltonians and
the classical Hamiltonian. They all asymptotically decay as h� 2 far
from the bounce where they are well-approximated by their classical

counterpart given by Vcl � 2p1� 3wq
p1� 3wq2h2 (dotted line) [cf. Eq. (4.11)].

of coherent states used to approximate the background dynamics and on the val-
ues of the quantization parameters (see Eq. (3.17)). The canonical commutation rule
implies the normalization condition on the mode functions

9vkv
�
k � vk 9v�

k � 2ip1 � wq
�

q
g


 � 2r1

M S � 2iZ 2M S. (3.59)

After switching to the internal conformal clock, the normalization condition reads
v1

kv
�
k � vkv�1

k � 2iM S and the Hamiltonian (3.57) is found to generate the following
dynamics of the mode function vC

k (the subscript “ C” now indicating that its dynam-
ics is generated by the conformal Hamiltonian)

d2vC
k

dh2 �
�
M 2

Swk2 � M SN SVCphq
�

vC
k � 0, (3.60)

where the potential reads

VC �
8

9q2Z4

p2k0q2p1 � 3wq
p1 � wq2

�

p2 �
h̄2TS{N S

q2

�

, (3.61)

whose limit for large qyields back the classical case (3.34). This potential is shown in
Fig. 4.1 for different numerical values of the relevant parameter c de�ned as TS{N S �
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cK for later convenience. The usual Mukhanov-Sasaki equation is recovered from
(3.60) provided one de�nes a rescaled conformal time Vthrough V�

?
M SN Sh, lead-

ing to
d2vC

k

dV2 �
�
k2

C � VCpVq
�

vC
k � 0, (3.62)

as expected; in Eq. (3.62), the effective wave number iskC � k
a

wM S{N S.

FIGURE 3.5: Same as Fig. 3.4 in logarithmic scale for the potentials,
with different wave numbers ( k̄ standing for either kF or kC depend-
ing on the case at hand), illustrating the various possible predictions.
For k̄ � k̄3, the quantum potentials is not felt by the perturbations,
and only the classical potential induce a nontrivial spectrum. In the
region of wavelengths around k̄ � k̄2, the perturbations enter the po-
tentials at different points, but the characteristic behavior is more or
less comparable; one would expect in this regime to have different
amplitudes and even perhaps power indices, but an overall similar
shape. For k̄ � k̄1 on the other hand, the number of entries and ex-
its of the perturbation in and out of the potentials VF and VC being
different, predictions between the two models could radically differ,
e.g. with superimposed oscillations changing the shape of the pri-
mordial power spectrum. A more detailed study is presented in the

next chapter 4

We have seen above thatVF � p qr1q2 {qr1. Let us see under what conditions the
potential VC can also be put in a similar form X2{X � p qrq2 {qr for a given function
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Xphq � qr with a power r to be determined. Straightforward calculation yields

X2

X
�

r
Z4

�
:q
q

� p r � 2r1 � 1q
�

9q
q


 2
�

�
4p2k0q2

Z4q2 rpr � 2r1 � 1q
�

p2 �
K

pr � 2r1 � 1qq2

�
,

where in the second equality we have made use of the semiquantum solution (3.23).
In order to recover the classical limit (3.32), the power r should satisfy rpr � 2r1 � 1q �
2
9p1� 3wq{p1� wq2, whose two roots happen to coincide with r1 and r2. Setting r � r1

yields (3.53), with a negative coef�cient in the q� 2 term (we assume 0   w   1),
as could have been anticipated. The second root r � r2 yields instead a positive
coef�cient in the q� 2 term, and reproduces (3.61) only if we demand that w   1

3 and

TS

N S
�

3Kp1 � wq
1 � 3w

ùñ VC Ñ
pqr2q2

qr2
. (3.63)

Both conformal and �uid potentials in such familiar form are shown in Figs. 3.4 and
3.5. The above combination of semiquantum parameters (3.63) can be expressed in
terms of the parameters of the family of �ducial vectors m, and n as:

TS

N S
�

�
1
4

�
m� n

2



exp

�
17� 9w

6mp1 � wq

�
, (3.64)

so that the conformal potential can be cast into the usual pqr2q2{qr2 form if the equa-
tion (using the expression for K below Eq. (3.22))

�
m� n �

1
2



exp

�
17� 9w

6mp1 � wq

�
�

3p1 � wq
1 � 3w

�
n �

�
m�

1
2



exp

�
3

2m


�
(3.65)

has non trivial solutions for m, n ¡ 0, which indeed it has for w   1{3 (see Appendix
of [23]).

Difference between both semiquantum perturbation theories

It is clear from (3.53) and (3.61) that the two equivalent parametrizations of the clas-
sical model induce two inequivalent quantum theories, as is clear from Figs. 3.4 and
3.5 showing a comparison of the respective gravitational potentials. The difference
is perhaps even clearer when the gravitational potentials are given in the familiar
form based in the con�guration space and the semiclassical variable q is raised to
two distinct powers, i.e. r1 � 3w� 1

3p1� wq and r2 � 2
3p1� wq. In some sense these two

parametrizations are exhaustive in regard to the quantization ambiguity as these are
the only powers possible for theories that satisfy the classical limit, as follows from
our discussion below (3.33).

The source of the ambiguity is the nonlinearity of the theory of gravity. Since the
quantization concerns both the linear perturbations and the background variables,
the transformation of the perturbation variables (3.27) is nonlinear (i.e., at the quan-
tum level the transformations do not enjoy a unique unitary representation consis-
tent with Dirac's canonical quantization rule of basic variables, that only works for
simplest observables), contrary to the situation of Ref. [78], and therefore, it leads to
unitarily inequivalent theories.

In our framework, the non-equivalence is responsible for the discrepancy be-
tween the two semiquantum F-potential (3.53) and C-potential (3.61). The formula
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(3.40) that is used to derive the F-potential, through the Heisenberg equations of
motion, is a function of Q̂ only. On the other hand, the C-potential comes from the
expectation value of a compound observable, involving both Q̂ and P̂, and given in
(3.43). These two potentials cannot coincide because the classical relations between
basic and compound observables do not apply to the expectation values of the re-
spective operators due to the quantum uncertainty

�
xVpQ̂, P̂qy � VpxQ̂y, xP̂yq

�
.

3.5 Brief discussion of results

In this chapter we have derived a compact cosmological model in which quantum
gravitational effects play a crucial role, resolving the classical singularity to a bounc-
ing scenario. Our model consists in general relativity coupled to a perfect �uid with
constant equation of state p � wr . Classically, the FLRW solution starts out of or
contracts to a singularity at which the scale factor a vanishes. The perturbations
around such a background also generally diverge at the singularity.

By quantizing the background, factor ordering ambiguities permit to add a re-
pulsive potential term to the zeroth order Hamiltonian, whose strength remains to be
determined. Choosing the canonical ordering removes it altogether, while choosing
any other ordering �xes the potential. The fact that the trajectories are nonsingular
results from our de�nition of these trajectories as expectation values. For coherent
states, that leads to Eq. (3.23). The ordering ambiguity also translates into the fact
that the coef�cients appearing in this equation, i.e. the minimum scale factor qB and
its acceleration w at the bounce, are free parameters which cannot be calculated from
�rst principles, but should be constrained, ideally, from observations. In that sense,
the ordering ambiguity is always present in our model and, at the perturbation level,
is conveniently encoded in the free parameters L Q, M Q, N Q, R Q and TQ.

Assuming a coherent state to describe the evolution in terms of an actual space-
time, i.e. a trajectory apt qfor the scale factor, one can then calculate a phase space tra-
jectory which, thanks to the quantum effective potential in the background Hamil-
tonian, smoothly connects the contracting and expanding solutions, avoiding the
singularity in the process. Most model-building approaches would then identify
these bouncing trajectories as what is commonly understood by semiclassical, and
would then go on to quantize the perturbations on top, without accounting for the
uncertainties of the background introduced in (3.40) or (3.43) and encoded in the
quantization parameters. For instance, in the framework of cosmological perturba-
tion theory based on in�ation, plugging such a semiclassical solution into the per-
turbation action does not lead to any ambiguity as one then merely quantizes the
perturbation modes, keeping their classical and quantum canonical transformations
equivalent4. By doing so, one would then be allowed whatever canonical transfor-
mation on the perturbation variables, leading to classically and quantum mechan-
ically indistinguishable theories 5. Here however, we take seriously the quantum
nature of the background time development and show that the classically harmless
canonical transformations lead to unitarily inequivalent theories with potentially
different physical predictions: the bouncing trajectories are semiquantum and not
the typical semiclassical.

4In the sense that the transformations are kept linear, enjoying a unique unitary representation
consistent with the Dirac's rule of quantization: "Poisson bracket Ñ Commutator", which does not
apply in our theory by the quantum nature of background variables inside the compound function Z
in (3.27), obstructing the quantum equivalence of the basic perturbation variables.

5The calculations we showed concern the scalar part of the perturbation, but is not restricted to it,
the tensor component being also presumably affected by a similar ambiguity.
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Summarizing, we found that upon quantizing the background to regularize the
classical singularity, one �nds two qualitatively different perturbation theories. It is
important to note that had the background dynamics been given by a classical or
semiclassical trajectory, singular or nonsingular, the relation between the two quan-
tum perturbation theories would be unitary as the change of perturbation variables
would be given by a linear (time-dependent) canonical transformation. However,
the introduction of a background wave function and the subsequent replacement of
the background variables with the respective expectation values is not equivalent
to the background following an actual trajectory. One should not be misled by the
existence of semiquantum trajectories in Fig. 3.2, representing in such plot expec-
tation values of q � x Q̂y and p � x P̂y only; they cannot be assumed to provide a
semiquantum dynamics, meaning that they cannot be used to determine the other
expectation values that are involved in the transformation (3.27) between the two
sets of perturbation variables.

To explicate the matter further, in this instance, the notion of a classical or even
semiclassical spacetime in which quantum perturbations evolve needs be replaced
by a more general notion of "quantum spacetime" that violates the properties of clas-
sical geometry. The perturbation �elds do not propagate in a �xed spacetime any-
more, and the discrepancies between the evolutions of different perturbation vari-
ables re�ect the quantumness of spacetime.

In conclusion, we showed that there exists an ambiguity in the choice of relevant
basic perturbation variables over a quantum background, that might potentially lead
to incompatible observational physical predictions.
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4
Ambiguous power spectrum in a
quantum bounce

DISCLAIMER: The material presented in this Chapter is originally included in
a paper submitted for publication in Phys. Rev. D (which corresponds to the
reference [84]) of which I am a coauthor. Part of it was also included in my contri-
bution to the Proceedings of the 2022 Cosmology session of the 56th Rencontres
de Moriond (2022) [arXiv:2203.03924] (Ref. [64]). ). My contributions to this publi-
cation can be summarised as follows: I solved both analytically and numerically
the dynamics of the perturbations in both parametrizations, and obtained the �-
nal amplitude spectra. I also solved the dynamics in the simplifying ansatz that
involved the Dirac delta as a part of the gravitational potential in order to explain
the origin of the dynamical ambiguity. I produced the plots showing the dynamics
of the modes and the spectral dependence of the primordial perturbation ampli-
tude. I participated in the discussion of the obtained results. I participated in the
preparation of the paper for publication. I gave talks presenting these results (and
the ones from the previous chapter) in: "56th Rencontres de Moriond 2022 – Cos-
mology" (La Thuile, Italy in Jan. 2022) and "NCBJ PhD Seminar 2022" (National
Centre for Nuclear Research, Poland in Mar. 2022).

As found in the previous chapter, simple re-scalings of the curvature perturba-
tion, in a Friedmann universe, by powers of the scale factor prior to quantization
produce different gravitational potentials in the Mukhanov-Sasaki equation, thereby
making the dynamics of the perturbation depend on the choice of the �eld variable
employed in its quantization. This ambiguity stems from the non-classical nature of
the background evolution. In the present chapter we begin the study of the physi-
cal consequences of this ambiguity, trying to identify all possible and inequivalent
predictions for primordial power spectrum from a quantum bounce 1 [84]. If the in-
�nitely many gravitational potentials found (depending on in�nite possible values
of the different semiquantum parameters) actually lead to in�nitely many different
physical predictions, then the theory could be considered unphysical.

1We �nd relevant to note here that we view our framework of quantum perturbation �elds in
quantum spacetime as a truncation (better or worse) of a full theory of quantum gravity. In order for a
truncation to be consistent, it should make use of a unique internal time variable (in which the dynam-
ics of the full theory is assumed to be naturally expressed) for quantizing and describing all dynamical
variables, both for the background and the perturbations. We emphasize that our framework satis�es
this requirement. Nevertheless, even if many internal time variables are available, the particular choice
one makes does not seem to be crucial for the physical predictions of quantum gravity (since this is not
a topic of this thesis, we refer the interested reader to some works devoted to this issue [85–88]).
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We explore whether the primordial power spectrum described previously in the
literature [13, 14, 27, 77] constitutes the only possible solution in a bouncing cosmol-
ogy. We �nd it important to seek other possibilities because, according to the present
knowledge, the simplest quantum bouncing cosmologies produce blue-tilted power
spectrum contrary to in�ationary predictions and observational results.

In this context, we pose the natural question of whether the Mukhanov variable
remains a preferred choice for describing scalar perturbations in a fuller, more quan-
tum description of the primordial universe or perhaps it should be replaced with
another, better-suited, variable. In in�ationary models it is convenient to use the
Mukhanov variable because it allows to asymptotically de�ne a quantum vacuum
in the same way as for �at spacetime. However, it is not the only possible choice for
the perturbation variables even in the context of in�ation as discussed, e.g., in [67].
In a fully quantum universe, the issue is even less clear as the choice of perturbation
variables can in�uence both the de�nition of the initial state as well as its dynamics.
Similarly, in late universe, with completely classical description, one usually �nds it
more suitable to employ the Bardeen potential, rather than the Mukhanov variable
that actually becomes singular, i.e., it blows up, in a matter-dominated universe.

4.1 The ambiguity

The perturbation mode functions of the both semiquantum models presented in the
previous chapter (3.4.1 and 3.4.2) follow a dynamical law in the form of Mukhanov-
Sasaki equation (for the generic label s � F or C):

dṽs
k

dh2 �
�
k2

s � Vs
�

ṽs
k � 0, (4.1)

up to rede�nitions of time and wavenumber, the latter taking as possible values:
kF �

?
wL Sk and kC �

?
wM SN Sk. The two potentials for each semiquantum theory

read (assuming h̄ � 1):

VF �
8p2k0q2p1 � 3wq

9p1 � w2q2q2

�
q
g


 � 4r1
�

p2 �
3p1 � wqK

2q2



, (4.2a)

VC �
8p2k0q2p1 � 3wq

9p1 � w2q2q2

�
q
g


 � 4r1
�

p2 �
TS{N S

q2



, (4.2b)

They differ in the numerical coef�cient of the last term 9 q� 2, namely TS{N S in
(4.2b) and � 3

2p1 � wqK in (4.2a) with K ¡ 0. Setting the coef�cient of conformal
parametrization to cK de�nes the (free) ambiguity parameter:

c �
TS

N SK
, (4.3)

and the Fluid parametrization results when the combination of the free semiquan-
tum parameters de�ning c takes the exact value:

c F :� �
3
2

p1 � wq (4.4)
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which is always negative as w   1. Then, we write the generic potential as

Vc �
8p2k0q2p1 � 3wq

9p1 � w2q2q2

�
q
g


 � 4r1
�

p2 �
cK
q2



, (4.5)

which, upon using the background solution (3.23) and expressing K and Hsem in
terms of qB, w and k0, namely

K �
q4

Bw2

16k2
0

and Hsem �
q2

Bw2

8k0
, (4.6)

becomes

Vc �
2w2

9Z4

1 � 3w
p1 � wq2

c � p wt q2

r1 � p wt q2s2 , (4.7)

with (recalling Eq. (3.3))

Z �
?

1 � w
�

q
g


 r1

, (4.8)

As it was previously shown, there are two special values for c , namely c � c F

for which the potential is VF � p qrFq2{qrF, and

c � c C :�
3p1 � wq
p1 � 3wq

, (4.9)

leading to VC � p qrCq2{qrC , where now, due to the power law in the familiar form of
the potential for each parametrization (3.55) (3.63), we rename such power laws (3.6)
as:

rF � r1 �
3w � 1

3p1 � wq
, and rC � r2 � 1 � rF �

2
3p1 � wq

. (4.10)

implying 2
3 ¤ rC ¤ 1 with 0 ¤ w ¤ 1

3. From now on, the latter will be the range
of the barotropic index we are concerned with. It can be argued that these values,
naturally reproducing the degenerate classical case

Vcl �
pqrF

cl q
2

qrF

cl
�

pqrC

cl q
2

qrC

cl
�

2p1 � 3wq
p1 � 3wq2h2 , (4.11)

with qcl and pcl the classical solutions (2.28), are the only physically acceptable ones.
This argument is reinforced by the fact that c F and c C imply the potential to de-
pend only on the background quantities w and K, in agreement with the idea of
perturbation theory. We shall however in what follows assume that c is an arbitrary
real parameter and restrict attention to these particular cases whenever necessary.
Fig 4.1 shows such possible cases, including the situations c   c F � � 1{rC and
c ¡ c C � � 1{rF, illustrating that these extreme points do not lead to anything par-
ticular in the shape of the potential apart from the fact that they permit a simple
writing of it. In fact, in the large time limit wt " 1, the term in c in (4.7) is in any
way negligible and it can be checked explicitly that the classical case (4.11) is also
recovered for any value of c .

One can also note that the potential Vc in (4.7) can be given a simple form for an
arbitrary c , namely

Vc � a2
c

pqrc q2

qrc
, (4.12)
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